PHYSICAL REVIEW B 99, 201407(R) (2019)
Rapid Communications

General framework for the frequency shifting of electromagnetic pulses
using time-dependent surfaces
Hannah Pinson1,2,* and Vincent Ginis1,3,†
1

2

Applied Physics/Data Analytics, Vrije Universiteit Brussel, Pleinlaan 2, 1050 Brussel, Belgium
Department of Physics, Massachusetts Institute of Technology, 77 Massachusetts Avenue, Cambridge, Massachusetts 02139, USA
3
Harvard John A. Paulson School of Engineering and Applied Sciences, Harvard University,
29 Oxford Street, Cambridge, Massachusetts 02138, USA
(Received 6 April 2018; revised manuscript received 18 April 2019; published 9 May 2019)
Metasurfaces allow for agile manipulation of incoming light using a single layer of resonators. Despite recent
progress, it remains difficult to generate new spectral components using nonlinear surfaces, because of the
limited interaction length of a pulse traveling through a single surface. Time-dependent surfaces offer an exciting
alternative to overcome this limitation, but a self-consistent framework to describe this mechanism is lacking.
Based on an analytical model and finite-difference time-domain numerical simulations, we obtain physical
insight into the frequency-shifting process that occurs when broadband electromagnetic pulses interact with
time-varying surfaces. In particular, we find that there is an intriguing relationship between the bandwidth of the
incident pulse, the targeted frequency shift, and the number of Lorentzian resonators that need to be implemented.
We also demonstrate that in certain parameter regimes, pulse distortion and a deviation of pulse amplitude cannot
be avoided. These results are independent of the mechanism that generates the time dependence. They are also
independent of the frequency, the geometry, size, and material of the unit cell, but they are rather a direct result
of the subtle interplay between time-dependent Lorentzian resonances.
DOI: 10.1103/PhysRevB.99.201407

Metasurfaces are surfaces whose electromagnetic response
is determined by subwavelength resonators, specifically engineered and arranged as to convert an incoming optical signal
to a certain desired outgoing signal. After it was shown that
the spatial variation of resonator-induced phase shifts over a
sheet can arbitrarily affect the wave vector [1], thus replacing
the traditional phase accumulation that occurs when light
travels through a three-dimensional material, an entirely new
field called “flat optics” has emerged [2–5]. Based on a neararbitrary control of phase, amplitude, and angular momentum
of light [6–10], metasurfaces have introduced a plethora of
interesting applications, ranging from ultrathin lenses [11,12]
and focusing mirrors [13] to holograms [14,15], mode converters [16], and polarimeters [17].
So far most successful applications remain restricted to the
linear optics regime [18–20], excluding frequency manipulating processes, such as second- and third-harmonic generation, and parametric oscillation. There have been promising
attempts to include nonlinear effects within a metasurface
platform [21–25]. These attempts include the development
of novel materials with enhanced nonlinear responses, e.g.,
inorganic perovskites, metal-organic-framework compounds,
and multi-quantum-well materials [26–28]. In addition, nonlinear effects have been obtained using plasmonic or dielectric
materials in the unit cell of metasurfaces [29–34].
Unfortunately, most of these approaches still suffer from
disadvantages, including low damage thresholds or saturation
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intensities, or stringent phase-matching conditions [25]. Another technique to manipulate the frequency of electromagnetic signals is to use an explicit time-dependent modulation
of the material response [35–42].
In the past few years, several interesting implementations of time-varying structures have been demonstrated in
experiments, e.g., using a sudden merging of two distinct
metallic meta-atoms, optically pumped epsilon-near-zero materials, or tunable metasurfaces based on resonant nonlinearities in semiconductor substrates [43–45]. Time-varying
metasurfaces have attracted interest, not only to manipulate
the frequency of light, but also because of their ability to
break Lorentz reciprocity or to create localized interface states
[45–51]. Despite these efforts, the emerging research field
of time-dependent electromagnetic surfaces is still lacking a
self-consistent framework that explains how frequencies of
optical pulses can be manipulated.
In this Rapid Communication, we introduce such a general
framework that allows for the understanding and designing
of time-dependent metasurfaces that shift the frequencies
of electromagnetic pulses. First, we introduce the analytical
model that allows for the design of isotropic, electromagnetic
metasurfaces that add a specific time delay to all frequency
components of an optical pulse with a broad spectrum [52];
i.e., a metasurface that induces specific frequency-dependent
phase shifts on incident pulses. Subsequently, we verify this
model using finite-difference time-domain (FDTD) numerical
simulations. We then present the framework through which
one can manipulate not only the delay, but also the frequency
of the incident optical pulses. Here, the underlying idea is
to make the time delay time dependent. In analogy to how
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where the parameter A (A < 1) accounts for a possible amplitude decrease in the transmitted field and t0 is a constant
time delay. Such a sheet is the two-dimensional equivalent
of a (lossy) three-dimensional matched dielectric slab with a
thickness d and refractive index n, imposing an extra time delay t0 = (n − 1)d/c with respect to a pulse traveling through
free space with speed c. This point of view unveils the desired reflection and transmission amplitudes of R(ω, k⊥ ) = 0
and T (ω, k⊥ ) = A exp[iω(n − 1)d/c], respectively. A one-toone correspondence [53] between these amplitudes and the
sheet conductivities of a metasurface then allows us to retain
the following expressions for the required conductivities that
implement a constant time-delay metasurface:
∞

ξ σse (ω)
σsm (ω)
=
=1+2
(−A)m exp(iωmt0 ),
2
2ξ
m=1

/2

0
k = 10
k=3
k=1

(1)

(2)

where ξ is the free-space wave impedance, σse (ω, k⊥ ) is the
electric and σsm (ω, k⊥ ) is the magnetic surface conductivity.
The time-dependent electric and magnetic surface currents
can be obtained from the convolution of the conductivity
kernels in the time domain with the local electromagnetic field
on the surface.
Interestingly, if t0 is time dependent in itself, then the
outgoing waves are frequency shifted. A linear variation of
the time delay t0 = β ∓ γ t, with β and γ constants, leads to a
shift where the incident frequency is multiplied by the factor
(1 ± γ ). For an incoming Gaussian pulse with amplitude E0 ,
centered around tin and with center frequency ωin and pulse
width σin , the outgoing pulse should thus be given by
 
 
t − tout 2
(3)
Eout = AE0 sin(ωout t − ωin β ) exp − √
2σout
with Eout centered around tout = (β + tin )/(1 ± γ ), having
center frequency ωout = ωin (1 ± γ ) and pulse width σout =
σin /(1 ± γ ). The frequency of the pulse can thus be shifted
by a tunable factor 1 ± γ .
Unfortunately, the proposed conductivity kernels, in the
time domain given by a series of Dirac delta peaks, cannot be
implemented using physical resonances. Therefore, we use an
approximation where these ideal conductivities are written as
a sum of (physically realizable) Lorentzian resonances [52].
These approximative conductivities are given by
∞

ξ σa,se (ω)
σa,sm (ω) 
−4iωt0
=
=
,
2
2
2ξ
|pm | + 2iIm(pm )ω − ω2
m=0
(4)
with pm = i/t0 log(A) − (2m − 1)π /t0 the poles of the ideal
kernel [Eq. (2)]. The proposed approximative but implementable kernel differs from the ideal kernel by a residual

-2
(b)
1
/2

Hout (t ) = AHin (t − t0 ),

se

Eout (t ) = AEin (t − t0 ),

(a)

2
se

spatially varying phase shifts manipulate wave vectors [1],
temporally varying phase shifts manipulate frequencies [46].
Let us first consider a metasurface yielding a constant
time delay. Mathematically, this corresponds to a boundary
condition at the interface, given by
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FIG. 1. Approximative conductivity kernel in the time domain,
for two different values of t0 (t0,b = 2t0,a ) and for different values
of k.

term:
∞


−4i Im(pm )/t0
,
2 + 2i Im(p )ω − ω2
|p
|
m
m
m=0

(5)

and the relative error in the amplitude between the ideal
kernel and the approximative
kernel goes to zero at the poles:


ω = |pm | ⇔ t0∗,m = [(2m − 1)π ]2 + log2 (A)/ω, where we
denoted the corresponding values of t0 with an asterisk. For
a given incident frequency the approximation is perfect only
at specific time delays t0∗ . In the Supplemental Material we
demonstrate how the shape of the residual function [Eq. (5)]
leads to different amplitudes and phase shifts [54].
A second limitation arises from the finite number of
Lorentzian resonances surfaces can support. It is therefore
important to understand the different roles of the infinite sums
in Eqs. (2) and (4), in particular the effect of truncating the
infinite series. If we truncate the infinite sum of the approximation [Eq. (4)], we obtain in the frequency domain a sum
of sharp resonances, covering a finite bandwidth. However, a
truncated version of the ideal model [Eq. (2)] corresponds to
an infinite set of broadened peaks, still covering an infinite
bandwidth. As a result, one can infer that a truncated, approximative kernel, being a series of k peaks centered around
multiples of ωt0 /π , cannot be used to impose time delays
where ωt0 /π > ωt0∗,k /π . However, in general the accuracy of
the time delay will improve by adding more resonances to the
sum. This can be understood by considering the conductivity
kernels in the time domain: when k increases or t0 decreases,
these peaks become sharper—to first order, the peak width
equals t0 /(k + 1)—and therefore they make up a better approximation of the original model, as shown in Fig. 1.
The combined effect of both imperfections—
approximating and truncating the ideal conductivities—
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FIG. 2. Influence of the number of resonances k and the desired time delay t0 on the retrieved amplitude and time delay of a transmitted
pulse. (a) shows the resulting amplitude in a function of t0 for different k. The horizontal, dashed line indicates the desired amplitude 0.75.
(b) shows the resulting, normalized time delay as a function of t0 . The horizontal line indicates the desired time delay, as expected in the
ideal model. The insets are time domain plots for different k and t0 : (c) t0 = 0.5T , k = 1, (d) t0 = 1.5T , k = 3, (e) t0 = 3.3T , k = 4, and
(f) t0 = 3.5T , k = 10. T is the center period of the incoming pulse.

obscures the physics of time-delaying surfaces. The analysis
gets more complicated when considering incident pulses
with broad bandwidths. Similar to how nontrivial dispersion
relations in three-dimensional materials yield distorted pulses,
the aforementioned imperfections lead to different frequency
components obtaining different phase shifts. There are,
however, ranges for the parameters A and t0 where this effect
is minimal. We discuss the effect of different values for t0
below; a discussion of the role of A and different pulse widths
can be found in the Supplemental Material [54].
We extended the conventional one-dimensional FDTD
algorithm [55] and simulated pulses interacting with timedependent surfaces. Details can be found in the Supplemental
Material [54]. The results of these simulations are summarized
in Fig. 2. In this figure, we recognize all the limiting factors
that we discussed above. Figures 2(a) and 2(b) show, for
A = 0.75, the amplitude of the outgoing pulse divided by the
amplitude of the incoming pulse and the obtained time delay
divided by the desired time delay (t0 ), respectively. These
results are shown both as a function of the desired time delay
t0 and the number of implemented resonances k. The different
figures (c)–(f) are time domain plots of the incident and
the transmitted pulses corresponding to different values of t0
and k.
In Fig. 2(a) the horizontal line indicates the renormalized
amplitude of 0.75 expected when using the ideal conduc-

tivity kernel [Eq. (2)] with A = 0.75. When t0 = t0∗,m , corresponding to values of t0 ≈ (2m − 1)0.5T with m  k and
T the center period of the incoming pulse, the amplitude is
indeed 0.75. Due to the oscillating behavior of the different
graphs—which is related to the residual function, as explained
in the Supplemental Material [54]—other values of t0 can
yield the desired amplitude as well, but these values are
k dependent. The low values for the amplitude before t0∗,1
are again due to the residual term [Eq. (5)]. Figure 2(b)
then shows the resulting time delay of the center frequency
component divided by the desired time delay t0 . Again optimal
values for t0 are present, as well as oscillations in between
these values that relate to the shape of the residual function
[54].
One can also see from both central figures that the functionality of the metasurface abruptly disappears once the
desired time delay exceeds t0∗,k , the maximum time delay
corresponding to the number of implemented resonances k.
The amplitude of the transmitted pulse then reaches unity and
the measured time delay vanishes.
Subplot Fig. 2(c) shows a simulation with A = 0.75 and
t0 = 0.502T = t0∗,1 , where only a single resonance was used.
Here the amplitude indeed decreases with a factor A, and the
desired time delay is obtained in a broad range around the
center frequency. For a higher value of t0 , this range would
become smaller, as a result of different frequencies obtaining
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FIG. 4. Absolute values in the frequency domain for a frequency
downshift with γ = 0.03, A = 0.75, and β = 0.7T . The gray signal
is the source signal, the horizontal line indicates the desired amplitude, and the vertical line indicates the desired frequency [Eq. (3)].
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FIG. 3. Time domain plots of (a) a downshift of 3% with βbegin =
0.7T and βend = 1.3T and (b) an upshift of 3% with βbegin = 1.3T
and βend = 0.7T , both for k = 3. (c) shows the absolute value in the
frequency domain, with the source pulse in gray, the horizontal lines
indicating the desired amplitude, and the vertical lines indicating the
desired frequencies.

more differing time delays. The other subplots, Figs. 2(d)–
2(f), show the time domain for other values of k and t0 . The
transmitted pulse shown in Fig. 2(c), clearly shows frequency
components smeared out in time and is obtained for a value of
t0 where the approximation deviates strongly from the ideal
model.
At this point, we can investigate what happens when the
time delay t0 becomes time dependent, more specifically the
case where t0 = β ∓ γ t. According to a simplified analytical
model, we expect the outgoing fields to follow [Eq. (3)].
In reality, however, the effects discussed in Fig. 2 all come
into play when simulating a surface with a time-dependent
time delay. One can obtain a very good intuition about the
outcome of any such simulation from looking at Figs. 2(a)
and 2(b). The time delay t0 now traces values in a range on
the x axis, with the range given by the chosen β, γ , and
the duration of the time variation. An example is shown in
Fig. 3, where we used k = 3, β = 0.7T , and γ = 0.03 and
let the t0 range between t0 = 0.70T and t0 = 1.30T . Here, we
also considered an incident pulse width such that the pulse
has passed the sheet around t0 = 1.18T . One can infer that
the resulting amplitude in the frequency domain is slightly
higher than expected analytically (0.75)/(1 − 0.03) = 0.77
[Fig. 2(a)], while the too small time delays yield a downshift of the frequency, slightly smaller than the desired 3%

[Fig. 2(b)]. Following the same reasoning, we can see that
an upshift over the same t0 range (but now in the opposite
direction) will yield a too small amplitude but a very good
frequency shift, since for the largest part of the simulation
the t0 values are close to the intersection point t0 = 1.12T
[Fig. 2(b)]. These examples are illustrated in Fig. 3.
Finally, we can consider the same 3% downshift of the
frequency for different values of k. This is shown in Fig. 4.
Again, we can coherently explain the results in terms of
Figs. 2(a) and 2(b). A surface with k = 1 has almost no effect
on the source signal. The surface with k = 2 has a transmitted
pulse with higher amplitude and smaller frequency shift than
the surface with k = 3. When k = 10, the frequency shift
coincides exactly with a downshift of 3%, but the amplitude
is too low, as can be expected again from looking at Fig. 2(a).
In short, time-dependent surfaces offer an exciting platform to
shift the frequency of light. In the case of broadband optical
pulses, extra complexity arises: small frequency shifts with
t0 time varying in a small range around optimal values yield
the desired results; when one wishes to frequency shift over a
larger range, for example over a t0 range with γ = 0.03, one
has to use more resonances and/or accept pulse distortion and
a deviating amplitude.
Several examples of time-dependent media have been
proposed in the scientific literature [43–45]. Some of
these implementations are perfectly suited to serve as
material platforms for the technique that we discussed
in this Rapid Communication. The same is true for
graphene and other two-dimensional materials whose electrical conductivity can be time modulated through a bias
[24,56–58].
Our technique differs from implementations involving material nonlinearities or a shopping modulation to generate
sidebands in the frequency domain: we generate new frequency components, ultimately relying on a specific interference of resonators evolving in time. Doing so, we show
how and to what extent it is possible to frequency shift a
pulse without distorting the overall shape of the pulse. It
is important to note that our results do not depend on any
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specific material implementation, but rather reflect insights on
a theoretical level. We unveil the subtle trade-offs that exist
between loss, time delay, number of resonances, and overall
frequency shift.

H.P. acknowledges a fellowship from the Research
Foundation Flanders (FWO-Vlaanderen) under Grant No.
11A6819N. Work at VUB was partially supported by the
Research Council of the VUB.

[1] N. Yu, P. Genevet, M. A. Kats, F. Aieta, J.-P. Tetienne,
F. Capasso, and Z. Gaburro, Science 334, 333 (2011).
[2] C. L. Holloway, E. F. Kuester, J. A. Gordon, J. O’Hara, J.
Booth, and D. R. Smith, IEEE Antennas Propag. Mag. 54, 10
(2012).
[3] A. V. Kildishev, A. Boltasseva, and V. M. Shalaev, Science 339,
1232009 (2013).
[4] N. Yu and F. Capasso, Nat. Mater. 13, 139 (2014).
[5] D. Lin, P. Fan, E. Hasman, and M. L. Brongersma, Science 345,
298 (2014).
[6] C. Pfeiffer and A. Grbic, Phys. Rev. Lett. 110, 197401 (2013).
[7] S. Campione, L. I. Basilio, L. K. Warne, and M. B. Sinclair,
Opt. Express 23, 2293 (2015).
[8] A. Arbabi, Y. Horie, M. Bagheri, and A. Faraon, Nat.
Nanotechnol. 10, 937 (2015).
[9] J. P. Balthasar Mueller, N. A. Rubin, R. C. Devlin, B. Groever,
and F. Capasso, Phys. Rev. Lett. 118, 113901 (2017).
[10] R. C. Devlin, A. Ambrosio, N. A. Rubin, J. B. Mueller, and
F. Capasso, Science 358, 896 (2017).
[11] M. Khorasaninejad, W. T. Chen, R. C. Devlin, J. Oh, A. Y. Zhu,
and F. Capasso, Science 352, 1190 (2016).
[12] E. Arbabi, A. Arbabi, S. M. Kamali, Y. Horie, and A. Faraon,
Optica 3, 628 (2016).
[13] A. Pors, M. G. Nielsen, R. L. Eriksen, and S. I. Bozhevolnyi,
Nano Lett. 13, 829 (2013).
[14] X. Ni, A. V. Kildishev, and V. M. Shalaev, Nat. Commun. 4,
2807 (2013).
[15] D. Wen, F. Yue, G. Li, G. Zheng, K. Chan, S. Chen, M. Chen,
K. F. Li, P. W. H. Wong, K. W. Cheah et al., Nat. Commun. 6,
8241 (2015).
[16] Z. Li, M.-H. Kim, C. Wang, Z. Han, S. Shrestha, A. C. Overvig,
M. Lu, A. Stein, A. M. Agarwal, M. Lončar et al., Nat.
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Metasurfaces allow for agile manipulation of incoming light using a single lager of resonators.
Despite recent progress, it remains difficult to generate new spectral components using nonlinear
surfaces, because of the limited interaction length of a pulse traveling through a single surface. Timedependent surfaces offer an exciting alternative to overcome this limitation, but a self-consistent
framework to describe this mechanism is lacking. Based on an analytical model and FDTD numerical
simulations, we obtain physical insight into the frequency-shifting process that occurs when broadband electromagnetic pulses interact with time-varying surfaces. In particular, we find that there is
an intriguing relationship between the bandwidth of the incident pulse, the targeted frequency shift,
and the number of Lorentzian resonators that need to be implemented. We also demonstrate that in
certain parameter regimes, pulse distortion and a deviation of pulse amplitude cannot be avoided.
These results are independent of the mechanism that generates the time-dependence. They are also
independent of the frequency, the geometry, size and material of the unit cell, but they are rather
a direct result of the subtle interplay between time-dependent Lorentzian resonances.

NOTES ON THE CONDUCTIVITY KERNELS
Frequency Domain

For the sake of convenience, we repeat here the expressions for both kernels in the frequency domain. The ideal
kernel is given by:
∞
X
σsm (ω)
ξσse (ω)
=
=1+2
(−A)m exp(iωmt0 ),
2
2ξ
m=1

Time Domain
(S1)

where the parameter A (A < 1) accounts for a possible
amplitude decrease in the transmitted field and t0 is a
constant determining the time delay. The approximative
kernel can be expressed as:
∞
X
σa,sm (ω)
ξσa,se (ω)
−4iωt0
=
=
. (S2)
2 + 2i=(p )ω − ω 2
2
2ξ
|p
|
m
m
m=0

Here pm = log(A)(i/t0 ) − (2m − 1)π/t0 is a pole of the
original kernel. This approximative kernel differs from
the ideal kernel by a residual term:
∞
X
m=0

−4i=(pm )/t0
,
|pm |2 + 2i=(pm )ω − ω 2

(S3)

i.e., the approximative kernel plus the residual term
equals the original kernel, by construction. The approximation is the most accurate around the poles of the original function:
ω = |pm | ⇔

t0∗,m

p
((2m − 1)π)2 + log 2 (A)
,
=
ω

using the approximative kernel are as expected in the
model based on the ideal kernel [Eq. (S1)]. In all cases
the needed surface currents are obtained from the convolution of the conductivity kernel in the time domain with
the local electromagnetic fields.

(S4)

where we denoted the optimal values for t0 with an asterisk. Thus, given a certain frequency, there exist values
of the time delay t0 for which the field resulting from

Additional insight in the model might be gained from
looking at the time-domain expressions of both kernels.
The original kernel is in the time domain given by:
∞
X
σsm (t)
ξσse (t)
=
= δ(t) + 2
(−A)m δ(t − mt0 ).
2
2ξ
m=1

(S5)

The approximative kernel can be expressed in the time
domain as:
ξσse (t)
σsm (t)
t
− log(1/A) tt
0
=
= H(t)e
2
2ξ
t0
∞ h


X
log(1/A)
t
t i
cos (2m + 1)π
+
sin (2m + 1)π
,
t0
(2m + 1)π
t0
m=0
(S6)

with H the Heaviside step function. It is however easier
to discuss the effect the residual term has by considering
the frequency domain.

INFLUENCE OF THE RESIDUAL TERM

We now elaborate on how the difference between the
original and the approximative kernel affects the resulting fields.

The ideal kernel in the frequency domain [Eq (S1)] can
be rewritten as:
σsm (ω)
1 − A expiωt0
ξσse (ω)
,
=
=
2
2ξ
1 + A expiωt0

(S7)

if the sum in [Eq. (S1)] is indeed taken to be infinite.
We will compare this ideal kernel with the residual term
resulting from a finite sum [Eq. (S3) with finite sum], and
this for different values of t0 while keeping the frequency
ω fixed.
To gain a qualitative insight in the effect on the amplitude we can restrict ourselves to a comparison of the
real parts of the residual and the ideal kernels. Such a
comparison, in the form of the real part of the residual
term divided by the real part of the ideal kernel, is shown
in Fig. S1(a). This plot can be further compared with
Fig. S1(b), which shows the obtained amplitude over the
desired amplitude at the center frequency (for a series
of simulations with k = 10 and A = 0.75). The desired
renormalized amplitude equals A = 0.75, while when using the approximative kernel with finite sum, the amplitude oscillates around this value. It is clear that this is
due to the existence of the residual term. We can also
see how the non-zero contribution of the residual term at
low frequencies (or, for fixed ω, low t0 ) affects the resulting amplitude at small t0 . Still there exist optimal values
[Eq. (S4)] where both models coincide and the residual
terms becomes zero, which can be seen on both figures
as the intersections with the horizontal line (at 0 and at
0.75, respectively) at the optimal values t∗,m
0 .
Phase Discrepancy

The derivative of the phase of a signal in the frequency
domain yields the time delay in the time domain:
f (t − t0 ) → F T → e−it0 ω fˆ(ω).

(S8)

We can therefore gain insight in the obtained time delays by looking at the phase of the approximative and
the theoretical kernel in the frequency domain. Fig. S2(a)
shows the phase of the original, theoretical kernel with infinite sum along with the approximative kernel for k = 4
and for k = 10. Again, the models coincide around the
optimal values [Eq. (S4)]. In between these values the
difference in the phase is skewed, leading to a discrepancy in the derivatives and finally an oscillation in the
time delays when looking at the time domain as shown
in Fig. S2(b). The effect for different k can also be seen
from these figures: a sum of k resonances only yields time
delays up to t∗,k
0 , and a smaller k has a larger deviation
from the original phase. Therefore, it exhibits larger oscillations in the obtained results.
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FIG. S1: (a) Real part residual term (with a finite sum
of k = 10 Lorentzian resonances) divided by the real
part of the original kernel (infinite sum), for a fixed
ω = 2π/T , with T the center period. (b) Obtained
amplitude over desired amplitude at the center
frequency for a series of simulations with k = 10 and
A = 0.75.

THE INFLUENCE OF LOSS AND PULSE WIDTH

The expected loss, i.e., the ratio of incoming over outgoing amplitude in the ideal model, is given by the parameter A. In general, when A increases to be closer to 1,
the proposed Lorentzian resonances become a better approximation of the ideal kernel (see Eq. S3). This is confirmed by our simulations: in Fig. S3, we plotted the deviations from the amplitudes and time delays in the ideal
case, this time for different A (A = 0.5, 0.6, 0.7, 0.8, 0.9).
In the left column of these figures we plotted the amplitude deviations; the right column comprises the deviating time delays (where the time delay is calculated as the
derivative of the phase in the frequency domain, and this
at the center frequency of the pulse). Figures (a) and
(b), where A = 0.9, clearly show smaller deviations (in
the sense that the obtained values oscillate less around
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FIG. S2: (a) Phase in the frequency domain as a
function of t0 , for the original kernel and the
approximative kernel with k = 3 and k = 10, A = 0.75.
(b) Resulting time delay over the desired time delay t0
at the center frequency, for a series of simulations using
the approximative kernel with k = 3 and k = 10,
A = 0.75.

the value expected in the ideal case) than the subsequent
figures with subsequently decreasing values of A. This
is summarized in Fig. S4, where we plotted this oscillation amplitude versus A and for different number of
resonances (k). Again we can conclude that an increase
in A and/or k make it easier to obtain larger frequency
shifts: the smaller these oscillations (that is, oscillations
in the deviations from the ideal values), the broader the
t0 = γt + β range in time over which we can frequency
shift without significantly distorting the pulse. The best
choice for β is then a value that makes sure the t0 range
is centered on an optimal value t∗0 .
From the above considerations over the oscillations in
the t0 range, one could conclude that the shorter the
pulse, the easier the frequency shift becomes, since one
would need to apply the kernel during a shorter period of
time. However, shorter pulses in the time domain have a
broader bandwidth in the frequency domain. Analogous
to non-trivial dispersion relations in three-dimensional

materials, our approximate kernel only yields the desired
group delay in a limited frequency band around the center frequency (and the width of this band is even timedependent in the case of frequency shifting). In general,
the bigger A and k, the bigger this frequency band; and
for the specific values t0 = t∗0 this band is maximized.
In Fig.S5 and Fig.S6 we have plotted the results of several
time delay simulations in the time domain: the columns
correspond to values of t0 equal to t0 = 0.5T, 1.2T, 1.5T
(with T the center period of the pulse), while the rows
correspond to different number of resonances k = 1, 2, 3.
In Fig.S5, A was set to 0.5, while in Fig. S6 A = 0.9.
For t0 = 0.5T and t0 = 1.5T (both values very close to
an optimal t∗0 the time delays and amplitude deviations
are small as expected, except in the case of k = 1 and
t0 = 1.5, an example where the desired time delay t0 is
too large for the applied number of resonances (k = 1).
For t0 further away from the optimal values, the derivative of the phase in the frequency domain is not linear
over a wide enough frequency band, and the visual delay
between the maximum of the incoming envelope and the
outgoing envelope is not necessarily in correspondence
with this derivative calculated at the center frequency.
Again in Fig. S3 an example can be seen when k = 1 and
t0 = 1.2: the envelope of the outgoing pulse even seems to
be slightly time advanced for both A = 0.5 and A = 0.9,
but the envelope is also slightly deformed with respect
to the original pulse envelope. For k = 2 and k = 3, the
t0 = 1.2 visual time delay between the envelopes is better in correspondence with what is described in Fig. S3:
for A = 0.5, the time delay is close to 3T and the amplitude has decreased by a factor larger than 0.5. When
A = 0.9, the effective time delay is closer to 2T and the
deviation from the expected amplitude decrease of 0.9
is also much smaller. However, in both cases the pulse
shape is slightly distorted.

NUMERICAL SCHEME

The finite difference time domain technique, FDTD in
short, is a numerical technique widely used within computational electromagnetics [1]. A discretized version of
the Maxwell equations in the time domain yields two update relations, one for the electric and one for the magnetic field, which are updated in an alternating fashion
over a discrete spatial grid. The cells, also called nodes, of
this grid can be associated with certain material properties (e.g., permittivity, conductivity, etc.) as to simulate
electromagnetic waves within different materials.
We extended the conventional FDTD numerical
scheme to simulate a two-dimensional metasurface with
surface currents resulting from the convolution of the
local electromagnetic field with the approximative conductivity kernel in the time domain [Eq. (S6)], i.e., we

4
discretized:

becomes:
Z

∞

∂H
−
σve (τ )E(t − τ )dτ
∂t
0
Z ∞
∂E
σvm (τ )H(t − τ )dτ
∇×H=
+
∂t
0

∇ × E = −µ

(S9)
(S10)

where σve and σvm are the electric and magnetic volume conductivity kernels, respectively. In the numerical
scheme they are obtained by dividing the value for the
surface conductivity kernels [Eq. S6] by ∆x, the size of a
grid node. The surface currents are only applied to a single node of the grid, that is, since the conventional FDTD
scheme uses a staggered grid configuration, the electric
current is added at a single node on the electric grid and
the magnetic current is added at the corresponding offset node on the magnetic grid. Choosing ∆x very small
with respect to the width of the applied electromagnetic
pulse (1/2000 of the pulse width), we effectively simulate
a two-dimensional material. If we denoted the electric
location of the sheet with m, the extended update relation for the electric field on the sheet at time step q + 1

q+ 1

q+1
Em

q+ 1

2
2
∆t  Hm+ 12 − Hm− 12
q
−
= Em −

∆x
q−1
X
 q−i− 1 
1
+
σvm (i + )∆t Hm+ 1 2
2
2
i=0

(S11)

while the value of the magnetic field at the magnetic sheet
location m + 1/2 and timestep q + 1/2 is given by:
q

q+1/2

q
∆t  Em+1 + Em
µ
∆x
q

X
q−i
+
σve (i∆t)Em
∆t

q−1/2

Hm+1/2 = Hm+1/2 −

(S12)

i=0

[1] A. Taflove, S. C. Hagness, et al., Computational electrodynamics: the finite-difference time-domain method (1995).
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FIG. S3: Deviation from the loss in the ideal model (first column) and from the expected time delay in the ideal
model (second column) in fucntion of t0 for different values of A (each row) and different values of k (within each
figure). Figures (a) and (b) on the first page are the results of simulations with A=0.9, (c) and (d) on the first page
correspond to A = 0.8, (e) and (f) on the second page to A = 0.7, (g) and (h) on the second page to A = 0.6, and
finally (i) and (j) on the second page correspond to A = 0.5. The deviations from the expected time delay are
calculated as the derivatives of the phases in the frequency domain, and this at the center frequency of the pulse.
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FIG. S4: Oscillation as seen in Fig. S3 (b), (d), (f) and
(h), i.e., amplitude of the first oscillation of the
resulting time delay around the expected time delay.
This oscillation amplitude is plotted in function of A for
different values of k (k=2, 3, 4).
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FIG. S5: Time domain plots of the incoming (gray) and outgoing (colored) pulse for different values of
t0 = 0.5T, 1.2T, 1.5T and and k = 1, 2, 3, with A = 0.5. Here T is the center period of the incident pulse.
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FIG. S6: Time domain plots of the incoming (gray) and outgoing (colored) pulse for different values of
t0 = 0.5T, 1.2T, 1.5T and k = 1, 2, 3, with A = 0.9. Here T is the center period of the incident pulse.
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