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Artificially structured metasurfaces make use of specific configurations of subwavelength resonators to
efficiently manipulate electromagnetic waves. Additionally, optomechanical metasurfaces have the desired
property that their actual configuration may be tuned by adjusting the power of a pump beam, as resonators
move to balance pump-induced electromagnetic forces with forces due to elastic filaments or substrates.
Although the reconfiguration time of optomechanical metasurfaces crucially determines their performance,
the transient dynamics of unit cells from one equilibrium state to another is not understood. Here, we make
use of tools from nonlinear dynamics to analyze the transient dynamics of generic optomechanical
metasurfaces based on a damped-resonator model with one configuration parameter. We show that the
reconfiguration time of optomechanical metasurfaces is not only limited by the elastic properties of the unit
cell but also by the nonlinear dependence of equilibrium states on the pump power. For example, when
switching is enabled by hysteresis phenomena, the reconfiguration time is seen to increase by over an order
of magnitude. To illustrate these results, we analyze the nonlinear dynamics of a bilayer cross-wire
metasurface whose optical activity is tuned by an electromagnetic torque. Moreover, we provide a lower
bound for the configuration time of generic optomechanical metasurfaces. This lower bound shows that
optomechanical metasurfaces cannot be faster than state-of-the-art switches at reasonable powers, even at
optical frequencies.
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The field of optomechanics [1,2] has generated several
high-precision techniques to control and detect minute
motions of a variety of objects by optimizing the interaction
of light with mechanical degrees of freedom [3–5].
Conversely, optical forces and torques also provide a
versatile mechanism to control electromagnetic responses.
For example, optomechanical metasurfaces consist of a
collection of subwavelength unit cells with optimized
electromagnetic resonators that are connected by elastic
elements which may move to oppose pump-induced forces
[6–8]. The idea is to use the electromagnetic force of a
pump beam to displace [6,9–12], deform [13,14], or rotate
[9,15] electromagnetic resonators, so magnetic [6], chiral
[13,14,16], or other electromagnetic responses [9–11] may
be tuned by the power of the pump. Optomechanical
metasurfaces have been praised for their enhanced non-
linear response because hysteresis and jump phenomena
allow processing light with light [17–20] and may extend
the range of electromagnetic responses [21].
In this Letter, we demonstrate that hysteresis phenomena

dramatically increase the reconfiguration time of optome-
chanical metasurfaces due to critical slowing-down, a
phenomenon which is well established in other nonlinear
systems [22–24]. Based on a damped-resonator model, we
obtain a lower bound for the reconfiguration time which

scales unfavorably with the frequency and power of the
pump. As a result, the response times of optomechanical
switches do not improve on the state of the art [20].
Figure 1(a) visualizes a generic two-dimensional optome-
chanical unit cell that consists of electromagnetic resona-
tors connected to elastic components such as filaments,
membranes, or substrates [6,14]. We assume that the
configuration of the unit cell is described by one configu-
ration parameter ψ, whose value changes when the unit cell
is deformed from ψ0 in the absence of a pump to a new
equilibrium ψ eq in the presence of a pump. Note that the
electromagnetic action on the unit cell P0AðψÞ is propor-
tional to the power P0 that is deposited on the unit cell,
while its dependence on the configuration parameter AðψÞ
results from resonances of the electromagnetic modes. At
the equilibrium configuration, the electromagnetic action is
balanced by a restoring action of the elastic elementsRðψÞ,
which is to a very good approximation given by Hooke’s
law RðψÞ ¼ −κðψ − ψ0Þ [straight line in Fig. 1(b)]. Close
to equilibrium, the net electromagnetic action on the unit
cell results in an effective optical spring constant κopt ¼
κ − ½ðP0∂Aðψ eqÞÞ=∂ψ � [25] which determines if equilib-
rium states are stable (κopt > 0) or unstable (κopt < 0). For
the sake of tunability, we assume that the pump beam is
operated close to a resonance frequency f0 of the
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metasurface, so the electromagnetic action P0AðψÞ reaches
a maximum at the value ψmax of the reconfiguration
parameter for which the metasurface is most resonant
[Fig. 1(b)]. As explained in Fig. S1 of the Supplemental
Material [26], the equilibrium states depend in a highly
nonlinear way on the power of the pump and may form
hysteresis curves [Fig. 1(c)]. An optomechanical metasur-
face with one configuration parameter will always generate
a hysteresis curve for a particular range of parameter values
ψ0 [see Fig. S1(e) of the Supplemental Material [26] ] when
the electromagnetic action has an inflection point ψFL
[Fig. 1(b)]. This inflection point allows for multiple
equilibrium states in between ψ0 and ψmax, i.e., multiple
intersections between the electromagnetic action and the
restoring action in Fig. 1(b), and has to exist when the unit
cell has multiple resonances, symmetries in terms of the
configuration parameter, or when the electromagnetic
action approaches zero, as in Refs. [7,15]. To investigate
whether optomechanical metasurfaces may be used as a
switch, we study the transient dynamics of unit cells as they
evolve from one equilibrium configuration ψ ð1Þ

eq to another
ψ ð2Þ
eq under the influence of the time-averaged electromag-

netic action. Note that the electromagnetic problem decou-
ples from the mechanical problem because mechanical
frequencies are much lower than the frequency of the pump
beam. Therefore, we have extracted the electromagnetic
action from finite-element simulations before solving for
the nonlinear dynamics of the unit cell, for which the

electromagnetic action is a nonideal source [22,27]. In
particular, the unit cell is modeled as a damped resonator,
whose equation of motion

M
∂2ψ

∂t2 þ γ
∂ψ
∂t þ κðψ − ψ0Þ ¼ P0hAðψ ; f0Þi

contains the (moment of) inertia M of the movable parts
of the unit cell, a damping term γ, a spring constant κ due
to an elastic element with equilibrium state ψ0, and a
time-averaged electromagnetic action P0hAðψ ; f0Þi. We
impose that the restoring parameter κ is optimized, so the
restoring action allows for a reasonable change Δψ of the
configuration. In mathematical terms, at the desired
power of operation P0op, the restoring parameter is related
to the maximal value of the electromagnetic action:
κΔψ ¼ P0 opAmax. Importantly, κ cannot be increased at
will to improve the reconfiguration time. The equation of
motion is solved in dimensionless coordinates with
normalized parameters γ̃ ¼ ðγ=MÞ, κ̃ ¼ ðκ=Mγ̃2Þ, Ã ¼
ðA=Mγ̃2Þ in terms of an evolution parameter τ ¼ γ̃t on a
two-dimensional phase plane ðψ ; ðdψ=dτÞÞ,

dψ
dτ

¼ v;
dv
dτ

¼ −v − κ̃ðψ − ψ0Þ þ P0hÃðψ ; f0Þi: ð1Þ

Throughout this Letter, we assume that the
resonator is critically damped, i.e., γ̃crit¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðκ=MÞ−ðP0=MÞð∂Aðψ eqÞ=∂ψÞ
p

, so the unit cell con-
verges in an optimal way. In the Supplemental Material [26]
Figs. S10 and S11, the reconfiguration time of over- and
underdamped resonators is shown to be higher. As a
particular illustration of the time-averaged electromagnetic
action P0hÃðψÞi, we consider an optically active bilayer
metasurface [28–30] consisting of cross wires that are
connected by torsional wires as in Fig. 2(a). Other mech-
anisms to tune optically active metasurfaces can be found in
Refs. [19,31–37]. The ability to turn a linearly polarized
signal beam over an angle δ is determined by the relative
orientation φ of the crosses [8,28,38], which provides the
reconfiguration parameter of the metasurface. As explained
in the SupplementalMaterial [26] andRefs. [39–41] therein,
the electromagnetic torque and the optical activity δ have
been extracted from full-wave numerical simulations for
various angular orientations of the crosses and frequencies
of the pump (see Figs. S3–S5 in the Supplemental Material
[26]). The simulations were performed at 1 W incident
power on a single unit cell, and the frequency of the
pump is eventually fixed close to a resonance frequency
(f0 ¼ 10.6 GHz). Figure S8 in the Supplemental Material
[26] shows that the dynamics of the unit cell is insensitive to
the specific frequency of the pump. Therefore, only the
power of the pump is a relevant parameter that may
lead to bifurcations. For a preferred power of operation of
P0opW and for deviations of about Δφ ¼ 1 rad, our
numerical simulations impose a restoring constant of

x
z

y

Optomechanical unit cell 
in equilibrium 

0 
  

Electromagnetic action A( ) 
leads to a new equilibrium 

eq

Displacement

Rotation

Compression Pump beam
P

0 0

Action A( ) for P
0
 = 1

0 FL max end

0

FL

max

end

Equilibrium configuration 
eq

A
FL

A
max

exp 0
)

P P0

A
0

0

bif
(2)

bif
(1)

(2)(1)

(a)

(c)(b)

FIG. 1. Visualization of a generic optomechanical unit cell
whose internal configuration ψ changes to compensate for the
electromagnetic action P0AðψÞ on elastic elements with a restor-
ing action κðψ − ψ0Þ. (a) The initial equilibrium ψ0 changes toψeq
when a pump beam acts on the unit cell. (b) Equilibrium states
correspond to intersections of the electromagnetic action of the
pump and the restoring action of an elastic element with restoring
parameter κ. (c) Equilibrium states are either stable (blue) or
unstable (red) and may form hysteresis curves for specific values
of ψ0 due to the presence of an inflection point ψFL.
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κ ¼ 3.6 × 10−4 P0op. In the following, the use of P0op ¼ 1

does not affect the generality of the results. Figure 2(b)
confirms that the cross-wire metasurface has a hysteresis
curve with stable (blue) and unstable (red) equilibrium
orientations for several values of the equilibrium parameter
φ0. Note that the wires experience a (counter) clockwise
rotation in the orange (blue) area, leading to an upward
(downward) trajectory in the graph. Therefore, bifurcations
in the lower part of Fig. 2(b) and unstable states in the upper
part of Fig. 2(b) cannot be reached by changing the pump
power and will be excluded by the blue regions in Figs. 2(e)
and 2(f). Figure 2(b) further shows that when φ0 is smaller
than 1.03 rad, there are bifurcation points where solutions
are created or merged. Figure 2(c) visualizes a collection
of trajectories through phase space for P0 ¼ 1, each
with different initial conditions on the horizontal axis.
Trajectories in red (blue) correspond to an equilibrium
parameter φ0 ¼ 0.85 rad (φ0 ¼ 1.35 rad) of the wire, for
which there are (no) bifurcations. In both cases, trajectories
quickly converge to a specific curve before moving slowly
toward a single equilibrium [Fig. 2(c)]. However, in the case
of φ0 ¼ 0.85 rad, the trajectory through phase space
approaches a bifurcation point and experiences a critical
slowing-down, so its angular velocity is strongly reduced.
For underdamped systems, the trajectory in phase space

connects to the slow curve close to bifurcations, but
otherwise spirals down toward equilibrium [see Fig. S4(c)
in the Supplemental Material [26] ]. A semianalytical for-
mula for the reconfiguration time Δt is derived based on
alternative coordinates ðφ; ṽÞ,

dψ
dτ

¼ ṽ − ψ ;
dṽ
dτ

¼ −κ̃ðψ − ψ0Þ þ μ
hÃðψÞi

hÃmaxðψÞi
: ð2Þ

For convenience, we have normalized the electromagnetic
action by introducing a parameterμ. For example, a critically
damped unit cell atP0 ¼ 1 results in a value μ ¼ 0.04which
is very small. Because of this, trajectories in phase space
reduce to the diagonal line ṽ ¼ φ [Fig. 2(d)]. As a result, the

reconfiguration time Δt to switch from ψ ð1Þ
eq to ψ ð2Þ

eq with an
accuracy of Δ ¼ 0.1° ¼ 0.1ðπ=180Þ rad along this line is
given by

Δt ¼ 1

γ̃

Z
ψ ð2Þ
eq −Δ

ψ ð1Þ
eq

dψ

μÃnormðψÞ − κ̃ðψ − ψ0Þ
: ð3Þ

Figures 2(e) and 2(f) contain the reconfiguration time that is
required to reach the equilibrium state forP0 ¼ 0.6 (red) and
P0 ¼ 1 (blue) from initial orientations on the horizontal axis.
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FIG. 2. Transient dynamics of a cross-wire metasurface. (a) An optomechanical cross-wire unit cell with a wire equilibrium φ0 and an
angular orientation φ due to pump-induced torques. (b) Nonlinear dependence of stable (blue) and unstable (red) equilibrium states on
the pump power P0 for several values of φ0 ∈ f0.85 rad;…; 1.35 radg. Blue and orange shaded regions, respectively, indicate when the
total torque is positive or negative when φ0 ¼ 0.85. (c) Trajectories through phase space for φ0 ¼ 0.85 rad and φ0 ¼ 1.35 rad at P0 ¼ 1.
Each trajectory starts on the horizontal axis and evolves fast to a fixed curve, along which slow dynamics dominates the reconfiguration
time. (d) Visualization of the slow curve in alternative coordinates ðφ; ṽÞ leads to a diagonal line. (e), (f) Numerical (circles) and analytic
(solid curves) predictions of the configuration time for φ0 ¼ 1.35 rad and φ0 ¼ 0.85 rad with P0 ¼ 0.6 (red) and P0 ¼ 1 (blue).
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Equilibriumorientations are easily found by looking for dips
in the curve. The semianalytical predictions of Eq. (3) (solid
lines) agree very well with exact numerical solutions of the
equation of motion (circles and crosses). For small separa-
tions, the elastic response of the wire contributes the most to
the reconfiguration time, which increases in a logarithmic
fashion [Eq. (3)]. At larger separations, contributions due to
the nonlinear response of the metasurface dominate, and
switching times increase substantially when the net torque is
lowest. In particular, in the presence of bifurcations
[Fig. 2(f)], initial conditions φð0Þ close to the unstable
equilibrium for P0 ¼ 0.6 induce singular switching times.
Although catastrophic initial conditions cannot be reached
by increasing or decreasing the pump [Fig. 2(b)], as
indicated by the blue regions in Figs. 2(e) and 2(f), hysteresis
curves may yet increase reconfiguration times by an
order of magnitude. From an application point of view,
one would like to determine the time that is required to
change the electromagnetic response by a particular amount
Δδ ¼ δð2Þ − δð1Þ. In Fig. 3(a), the colored dots represent
initial orientations φð1Þ that impose different changes in the
electromagnetic responseΔδ as they evolve toward the final
equilibrium φð2Þ at P0 ¼ 1 (green dot). Importantly, these
states can be reached for all values ofφ0 in Fig. 2(b), without
moving too close to the bifurcation points, so the reconfig-
uration time is mainly limited by the damped motion of the

unit cell. The accumulated changeΔδ ¼ j R ψ ð2Þ

ψ ð1Þ ð∂δ=∂ψÞdψ j
can be expressed with respect to the reconfiguration
time Δt by making use of Eq. (3): Δδ ¼
γ̃j RΔt

0 ð∂δ=∂ψÞðP0ÃðψÞ − κ̃ðψ − ψ0ÞÞdtj. In addition,
because the motion of the unit cell in regions with a low
electromagnetic action take up the most time, the average
ð1=ΔψÞj R ð∂δ=∂ψÞðP0ÃðψÞ − κ̃ðψ − ψ0ÞÞdψ j is larger
than the time average ð1=ΔtÞj R ð∂δ=∂ψÞðP0ÃðψÞ−
κ̃ðψ − ψ0ÞÞdtj. As a result, we obtain the following lower
bound:

Δt ≥
1

γ̃

jΔδjðψ ð2Þ − ψ ð1ÞÞ
j R dδ

dψ ðψÞ½P0ÃðψÞ − κ̃ðψ − ψ0Þ�dψ j
: ð4Þ

As expected, the lower bound increases for weak resonances
(ðdδ=dψÞ small) and low net torques. Note that the previous
derivation is only valid when ðdδ=dψÞÃ has a constant sign;
i.e., it is not strictly valid when the trajectory crosses a
resonance of the response function. Figure 3(b) shows that
the reconfiguration time always exceeds the lower bound
(black dots), which, in this case, lies slightly below 5 times
the characteristic decay time of a critically damped oscillator
(gray dots). Surprisingly, but in agreement with Eq. (3), the
reconfiguration time improves in the presence of bifurca-
tions, i.e., when metasurface designs implement low values
for the restoring parameter φ0. This is because hysteresis
curves push equilibrium states to higher powers [Fig. 2(b)];

i.e., the power of the pump that is required to reach φð2Þ is
higher for φ0 ¼ 0.85 rad than for φ0 ¼ 1.35 rad. However,
from an experimental point of view, the power of operation
may be limited. For example, the blue region contains those
parameter values φ0 < 1.16 for which the power of the
pump is at least twice the desired power of operationP0op. If
moderate changes in power are required, bifurcations should
be avoided.
In the Supplemental Material [26], we derive scaling

laws for the reconfiguration time in terms of the
resonance frequency f and the intensity of the pump I:
Δt ¼ ½ðf=f0Þ�α½ðI=I0Þ�−1=2Δt0, with α ¼ −1=2ð−1Þ for
torque-based (force-based) optomechanical unit cells.
For example, an optical cross-wire metasurface with
parameters based on Ref. [10], i.e., f ¼ 2.0 × 1014 Hz
and I ¼ 31 W=mm2 converges at best in 4.4 ms when
using Δt0 ¼ 50 s from Fig. 3(b), f0 ¼ 10.6 GHz, and
I0 ¼ ð1 W=225Þ mm2. Force-based optomechanical
metasurfaces have a slightly better scaling that would
lead to Δt ¼ 0.63 × 10−6Δt0. This roughly corresponds
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to a maximum bandwidth of a few MHz, in agreement with
Ref. [10] but still 3 orders of magnitude lower than state-of-
the-art silicon switches [20].
In conclusion, the transient dynamics of optomechanical

metasurfaces is adversely affected both by the presence of
bifurcations (Fig. 2) and by the slow exponential con-
vergence of damped mechanical elements [Eq. (3)]. In
particular, critical slowing-down may restrict the reconfig-
uration time by over an order of magnitude. In addition, the
lower bound for the reconfiguration time [Eq. (4) and
Fig. 3] scales slowly with the resonance frequency and the
intensity on the unit cell, so optomechanical metasurfaces
cannot be used as fast switches, even at optical frequencies.
To boost switching times, one may (1) try to manipulate
particles separately with highly confined fields [2], (2) use
other mechanisms for tuning metasurface properties
[21,42], or (3) generate dynamic optical responses through
a continuous modulation of the pump beam [10,11].
However, also for modulated systems, nonlinear dynamics
may restrict the speed by which one may switch from one
modulation pattern to another.
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Artificially structured metasurfaces make use of specific configurations of subwavelength res-
onators to efficiently manipulate electromagnetic waves. Additionally, optomechanical metasurfaces
have the desired property that their actual configuration may be tuned by adjusting the power of a
pump beam, as resonators move to balance pump-induced electromagnetic forces with forces due to
elastic filaments or substrates. Although the reconfiguration time of optomechanical metasurfaces
crucially determines their performance, the transient dynamics of unit cells from one equilibrium
state to another is not understood. Here, we make use of tools from nonlinear dynamics to ana-
lyze the transient dynamics of generic optomechanical metasurfaces, based on a damped-resonator
model with one configuration parameter. We show that the reconfiguration time of optomechanical
metasurfaces is not only limited by the elastic properties of the unit cell, but also by the nonlinear
dependence of equilibrium states on the pump power. For example, when switching is enabled by
hysteresis phenomena, the reconfiguration time is seen to increase by over an order of magnitude.
To illustrate these results, we analyze the nonlinear dynamics of a bilayer cross-wire metasurface
whose optical activity is tuned by an electromagnetic torque. Moreover, we provide a lower bound
for the configuration time of generic optomechanical metasurfaces. This lower bound shows that
optomechanical metasurfaces cannot be faster than state-of-the-art switches at reasonable powers,
even at optical frequencies.

In this Supplemental Material, we provide technical in-
formation about the equilibrium states of an arbitrary
optomechanical metasurface, about our finite-element
simulations, about the nonlinear dynamics of the cross-
wire metasurface, and about the error-sampled Runge
Kutta code (based on Ref. [38] page 710-722).

OPTOMECHANICAL METASURFACES

In Fig. 1 of the main paper, we have introduced
the concept of an optomechanical metasurface, with hy-
brid unit cells that consist of both electromagnetic and
mechanical resonators. Moreover, we have motivated
that hysteresis curves naturally occur in optomechani-
cal metasurfaces that are described by a single config-
uration parameter ψ when the frequency of the pump
corresponds to a resonance of the metasurface. In this
section, we explain in more detail for which parameters
ψ0 hysteresis phenomena occur.

Crucial to the topology of a hysteresis curve, as in
Fig. S1(b), is the existence of one stable solution at low
power and one stable solution at high power of the pump
beam. The (local) maximum of the electromagnetic ac-
tion at ψmax ensures that these asymptotic solutions ex-
ist. In addition, the asymptotic solutions should be con-
nected to an unstable solution that is created at P (1)

and is destroyed at P (2), where it merges with a sta-

ble solution. These events at P
(1)
0 and P

(2)
0 are known

as saddle-node bifurcations. From Fig. S1(a), it is clear
that saddle-node bifurcations occur when the restoring

action (black line) is tangent to the electromagnetic ac-
tion, somewhere between ψ0 and ψmax. In other words,
the optical spring constant κopt = κ−P0

∂A
∂ψ is zero at bi-

furcation points. When this occurs above (below) the in-
flection point ψFL, solutions are created (merged). From
Fig. S1(c), it is clear that the inflection point ψFL is the
equilibrium state for which a saddle-node bifurcation oc-
cur at the lowest power Pmin. Indeed, Pmin is the lowest
power of the pump for which the derivative of the electro-
magnetic action is equal and opposite to the derivative of
the parameter of the restoring action κ (intersection with
the dashed curve). Fig. S1(d) shows that the hysteresis
curve is degenerate at the inflection point: both the cre-
ation and the destruction of the unstable solution occur
at one equilibrium state ψeq = ψFL. As the power of the

pump increases, there are two intersections ψ
(ψ01)/(ψ02)
bif

between the derivative of the electromagnetic action and
the restoring action [Fig. S1(e)]. One of the intersections
corresponds to a merging process (red line), whereas the
other intersection corresponds to a creation process (blue
line). Note that the power should be infinitely large for
the bifurcation point to occur at ψmax. Therefore, there
always exists a bifurcation point at which an unstable so-
lution is created for P > Pmin. On the other hand, if the
derivative is bounded from below, e.g., for a configura-
tion ψ smaller than the inflection point ψFL, there will be
a maximum power Pmax for which a merging process ex-
ists. As a result, hysteresis curves occur when the power
is bounded by Pmin and Pmax. To obtain a bifurcation
diagram in terms of the power P0 and the values of ψ01
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FIG. S1. Equilibrium states and bifurcations of an arbitrary optomechanical metasurface with one internal parameter ψ, in
terms of the power P0 of the pump beam and the equilibrium parameter ψ0 of the restoring action κ(ψ − ψ0). (a) Generic
dependence of the electromagnetic action close to a maximum at ψmax with an infection point ψ0FL. The restoring action is
visualized by a straight line through ψ0. (b) Resulting hysteresis curve of stable (blue) and unstable (red) equilibrium states in

terms of the power of the pump beam, with bifurcation points at ψ
(1)
bif and ψ

(2)
bif . (c) The derivative of the electromagnetic action

P0
∂A
∂ψ

intersects the dashed line when the equilibrium configuration ψeq is a bifurcation point. (d) A degenerate hysteresis
curve corresponding to the coexistence of two bifurcation points at the inflection point ψFL for P0 = Pmin and ψ0 = ψ0FL.
(e) Visualization of when bifurcations merge or create solutions with P0 > Pmin. Note that each intersection of the derivative
P0

∂A
∂ψ

with the dashed line corresponds to an equilibrium state for a specific value of ψ0 with P0A(ψ) − κ(ψ − ψ0) = 0.

Therefore, each bifurcation point is labeled as ψ
(ψ0)
bif . (f) Bifurcation diagram containing those values for ψ0 (horizontal axis)

and P0 (vertical axis) for which bifurcation points exist. A pair of bifurcation points at a particular value of ψ0 results in
hysteresis curves.
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and ψ02 [Fig. S1(f)], we have to solve two equations

κ(ψeq − ψ0)− PA(ψeq) = 0,

κ− P0
∂A
∂ψ

(ψeq) = 0,

which impose that equilibrium states ψeq (first equa-
tion) are bifurcation points (second equation). Fig. S1(f)
shows that bifurcations exist from Pmin onwards and
for equilibrium parameters below ψ0FL. The degener-
ate point at ψ0FL occurs at the inflection point, i.e.,
ψeq = ψFL. Moreover, when the derivative of the elec-
tromagnetic action is bounded from below, there exists
a critical value of the equilibrium parameter ψcrit be-
low which no hysteresis curves exist. Indeed, at a fixed
value of ψ0 below ψcrit there are an odd number of bifur-
cation points. The numerical bifurcation diagram from
full-wave simulations of a cross-wire metasurface is pro-
vided in Fig. S2 and confirms the reasoning above.

0.0

1.0

0.0

1.5

0.5

1.00.2 0.4-0.2-0.4 0.6 0.8

Hysteresis

MergeCreate

Equilibrium parameter wire φ
0 
(rad)

Pump power P
0

FIG. S2. Bifurcation diagram for a cross-wire metasurface
in terms of the equilibrium parameter ϕ0 of an elastic wire
and pump beam power P0. The inflection point is located at
1.03 rad and the critical infection point occurs at 0.8 rad for
P0 = 1.58.

FINITE-ELEMENT SIMULATIONS

In this section, we explain how the optical activity
δ of a cross-wire metasurface and the electromagnetic
torque Γ on it due to a circularly polarized pump beam
are extracted from numerical simulations (Fig. S3). The
metasurface consists of two layers of cross wires at a
fixed distance D = 0.98 mm with geometrical parame-
ters l = 14 mm, w = 0.8 mm, and t = 0.032 mm, as in
the static design of Ref. [29]. The crosses are made from
copper, with a mass density of ρ = 8.89 g/cm3, and the
substrate has a relative permittivity of 3, which is simi-
lar to that of silica. The simulations consist of a double
parametric sweep, varying the pump frequency from 4
to 13 GHz with a resolution of 0.1 GHz and varying the
orientation angle of the crosses from 0 rad to π

2 rad with

a maximal resolution of 3◦. Simulations have been per-
formed for both left-handed and right-handed circularly
polarized pump beams in order to retrieve the optical
activity of the metasurface, as discussed below.

Surface conductivity of copper wires

In finite-element simulations, the implementation of
thin metallic cross wires as three-dimensional objects is
highly impractical. Indeed, to resolve the electromag-
netic fields inside the wires, finite-element meshes need
be unrealistically dense, with mesh elements smaller than
the skin depth of copper. To avoid unrealistically dense
meshes, we model the cross wires as two-dimensional
patches with an effective electric surface conductivity σ.
In particular, the surface conductivity should impose the
same reflection (R) and transmission (T ) coefficients as
the three-dimensional wire in Fig. S3(c). Here, we deter-
mine the effective surface conductivity of a wire which
is sandwiched between media of different relative dielec-
tric permittivities ε1 and ε2 and whose permittivity εM
is described by a Drude model

εM (ω) = 1−
ω2
p

ω2 + iωγr
(S1)

based on experimental parameters from Ordal et al. [41],
i.e., γr = 1.38× 1013Hz and ωp = 1.12× 1016rad s−1.

The surface currents on the sheet are found by re-
lating the reflection amplitude R = Er

Ein
and transmis-

sion amplitude T = Et

Ein
of a lossy Fabry-Perot—a three-

dimensional copper wire— to a surface conductivity [39]

σe = 2
ζ−1
1 (1−R)− ζ−1

2 T

1 +R+ T
, (S2)

with impedances ζ1 and ζ2 at the input and output
[Fig. S3(c)]. The formulae for the reflection and trans-
mission amplitudes of an asymmetric Fabry-Perot with
dielectrics ε1 and ε2 on either side are the following
[Fig. S3(c)]:

R =
rε1 + rε2e

i2k′t e−2k”t

1 + rε1rε2e
i2k′t e−2k”t

, (S3)

T =

√
ε1tε1 tε2
n′ ei2k

′t e−2k”t

1 + rε1rε2e
i2k′t e−2k”t

, (S4)

with single-interface reflection and transmission coeffi-
cients r and t defined for waves coming from within the
metallic wire and traveling towards a dielectric with rel-
ative permittivity ε

rε = −n
′ −
√
ε

n′ +
√
ε
, (S5)

tε =
2n′

n′ +
√
ε
. (S6)
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FIG. S3. Finite-element simulation of circularly polarized light incident on a torsional cross-wire metasurface. (a) Overview
of the scattering simulation domain that provides numerical estimates of the electromagnetic torque and the optical activity.
(b) The torque on the rightmost cross wire is extracted by applying the Maxwell stress tensor formalism to a box surrounding
the rightmost cross wire, with numbers (1) to (6) labeling normal vectors of the box. Geometrical parameters are indicated,
i.e., ε = 3, D = 098mm, d = 1mm, l = 14mm, and w = 0.8mm. (c) Visualization of the retrieval method used to implement the
cross wires. (d) Dependence of the torque on the orientation angle ϕ and the pump frequency for 1W of left-handed circularly
polarized light falling onto a single unit cell. (e) Optical rotation of a linearly polarized signal beam for different orientation
angles and different frequencies. The dashed white line in (d) and (e) corresponds to the resonance frequency f0 = 10.6 GHz.

Note that these terms depend on the real part of
the refractive index n′ inside the metal, i.e., k =
k0 (n′ + in”) = k′ + ik′′, with the free-space wave vec-
tor k0 = ω

c . Note also that it is impossible to replace
the wire with one electric sheet conductivity when the
frequency of the waves is larger than 300 GHz, since in
this regime magnetic surface currents can no longer be
neglected [39].

Optical activity and ellipticity

The cross-wire metasurface absorbs right-handed and
left-handed circularly polarized light in different amounts
(dichroism) and induces different phases to them (optical

actvity). Here, we adopt the engineering convention that
light is right- (left-) handed if the electric field vector
turns (counter)clockwise when looking from the source
along the direction of propagation [33]. Therefore, the
polarization of an incident wave coming from the left in
the simulation is expanded with respect to a right-handed
base vector e+ =

ey+iez
2 and a left-handed base vector

e− =
ey−iez

2 . The associated transmission coefficients
T±± are related to those with respect to a linearly polar-
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FIG. S4. Dependence of (a) the optical activity and (b) the ellipticity on the frequency of the pump. The rightmost resonance
experiences shifts with the orientation of the rightmost cross wire.

ized basis in the following way:

Tyy =
1

2
(T++ + T−− + T+− + T−+) ,

Tyz =
−i
2

(T++ − T−− − T+− + T−+) ,

Tzy =
i

2
(T++ − T−− + T+− − T−+) ,

Tzz =
1

2
(T++ + T−− − T+− − T−+) .

Due to its fourfold symmetry, the metasurface con-
verts left-handed to right-handed or right-handed to left-
handed circularly polarized states in equal amounts, i.e.,
T+− = T−+ [29]. As a result, for metasurfaces with four-
fold rotational symmetry, the rotation δ of a linearly po-
larized signal (optical activity) only depends on right- to
right- and left- to left-handed transmission coefficients
T++ and T−−:

δ =
arg(T++)− arg(T−−)

2
, (S7)

η =
|Ey|
|Ez|

=

∣∣∣∣T++ − T−−
T++ + T−−

∣∣∣∣ . (S8)

The optical activity δ of the cross-wire metasurface is im-
pressive and can reach values up to 90◦ [Fig. S3(e)]. In
Fig. S4, we plot the optical activity and a slightly modi-

fied version of the ellipticity η̃ = |T++|−|T−−|
|T++|+|T−−| , as proposed

by Ref. [29], for several angles 0◦ (black), 15◦ (red) and
30◦ (blue). Both Fig. S3 and Fig. S4 show that the right-
most resonance drifts with the angular orientation ϕ, as
expected from a hybridization model [12]. Reassuringly,
there is no chiral response for parallel wires (0◦ in black).

The lower bound for the reconfiguration time [Eq. (4)]
contains both the optical activity δ(ϕ) and its derivative

∂δ
∂ϕ (ϕ). Therefore, we have performed a cubic interpola-

tion, which has continuous derivatives [40], to the numer-
ical values of the optical activity at 10.6 GHz in Fig. 3(a)
of the main paper, except for the values at resonances.
Note that we have increased the overall sampling resolu-
tion of 3◦ to 0.9◦ between π/4 and 5π/16 and between
7π/16 and π/2 to improve resolution at the resonances.

Electromagnetic torque

The electromagnetic torque is extracted from the nu-
merical simulations by applying the Maxwell stress tensor
formalism to a bounding box of volume V surrounding
the rightmost cross wire of the unit cell [Fig. S3(b)]. In-
deed, the mechanical angular momentum Lmech of the
wire changes under influence of Lorentz forces on the mi-
croscopic charges ρ and currents j in the box

dLmatt

dt
= −

∫
V

[ρE + j×B]× (r− r0) dV. (S9)

The origin r0 corresponds to the center of mass of the
rightmost cross wire. The Maxwell stress tensor formal-
ism is based on the following identity:

ρE + j×B = ∇ · T − 1

c2
dS

dt
, (S10)

which can be derived by combining the microscopic
Maxwell equations with the continuity equation. It in-

troduces the identity matrix I, the Maxwell stress tensor

T = ε0

(
EE− 1

2
|E|2 I

)
+

1

µ0

(
BB− 1

2
|B|2 I

)
, (S11)
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and the Poynting vector S

S =
1

µ0
(E×B) . (S12)

The conservation of angular momentum is further simplified by making use of the divergence theorem

dLmatt

dt
= −

6∑
i=1

∫
Si

[
T × (r− r0)

]
· nidSi +

1

c2

∫
V

dS

dt
× (r− r0)dV, (S13)

which leads to integrals on the boundaries of the box with surfaces Si and normal vectors ni with i ∈ {1 · · · 6}.

Note that the divergence theorem does not contain
volume-dependent contributions. In our case, the electro-
magnetic pump beam has a high frequency with respect
to the mechanical motion of the cross wire, so the cross
wire effectively responds to the time-averaged torque 〈Γ〉

〈Γ〉 = −
∫
δbox

[
〈T 〉 × (r− r0)

]
· n dS, (S14)

which depends solely on the time-averaged Maxwell
stress tensor on the boundaries of the box

〈T 〉 =
1

2
Re

[
ε0

(
EE∗ − 1

2
|E|2 I

)
+

1

µ0

(
BB∗ − 1

2
|B|2 I

)]
.

(S15)
Fig. S3(d) visualizes the dependence of the x component
of the time-averaged torque on the frequency of the pump
and on the angular orientation, which causes the wire to

rotate around the x axis.

In order to solve Eq. (1), we again need to interpolate
the numerical values of the torque at 10.6 GHz, shown in
Fig. S5. In this case, we have applied a periodic cubic
interpolation, since the electromagnetic torque at ϕ = 0
is equal to the torque at ϕ = π/2. Also, the continu-
ity of the second derivative is important to construct a
semi-analytical solution for the dynamics close to equi-
libria, which will provide a check on our purely numerical
calculations. We found that a number of 30 equidistant
sample points suffices to avoid oversampling (whose ef-
fects are highlighted by the black boxes for N = 90 and
N = 45 in Fig. S5) and to avoid undersampling (whose
effects are highlighted by the black boxes for N = 15 and
N = 10 in Fig. S5).
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NONLINEAR DYNAMICS OF THE CROSS WIRE

In this section, we motivate amongst others how the
optical spring constant affects the reconfiguration time
(mechanical limitations), why bifurcations in terms of
the frequency of the pump can be safely neglected, and
what happens when the motion of the wire becomes un-
derdamped or overdamped. We start by discussing how
phase diagrams are affected by hysteresis phenomena.

Phase diagrams in the presence of hysteresis

In the main paper, we consider the optimal case of
critically damped unit cells, for which the damping term
depends on the moment of inertia of the wire, on the
power of the pump P0, and on the restoring parameter
κ:

γcrit = 2

√
κ

M
− P0

M
∂A(ψeq)

∂ψ
. (S16)

Fig. S6 compares the damping parameter for two values
of ϕ0 ∈ {0.85, 1.35}. In the case of ϕ0 = 1.35 (blue
line), there are no bifurcation points and the damping
parameter increases as the square root of the power. In
the case of ϕ0 = 0.85 (red line), there are bifurcation
points for P0 = 0.48 and P0 = 0.97, for which the damp-
ing parameter disappears. Because the damping param-
eter is related to the characteristic decay time of res-
onators close to equilibrium, this reflects that bifurca-
tion points are unstable equilibrium states. Figs. S6(b)
and (c), respectively, show the trajectories through phase
space in the absence (ϕ0 = 1.35rad) and in the pres-
ence (ϕ0 = 0.85rad) of bifurcations for two pump powers
P0 = 0.6 and P0 = 1.0. In the absence of bifurcations,
all trajectories quickly converge to a specific curve be-
fore moving slowly towards a single equilibrium at the
black dot in Fig. S6(b). Different pump powers lead to
slightly modified equilibrium positions, as they increase
or decrease the optical spring constant. For P0 = 1.0,
the trajectory through phase space in Fig. 2(c) in the
main paper is very similar to Fig. S6(b). However, for
P0 = 0.6, the curve falls apart in two pieces correspond-
ing to the basins of attraction of the stable equilibrium
states. Initial conditions in different basins of attraction
converge to different equilibrium states. Also, ϕ0 deter-
mines whether the slow curves lay closer or farther away
from the horizontal axis.

Mechanical limitations on reconfiguration time

Fig. S7 provides more insight in how equilibrium states
depend on the pump power P0 and the restoring pa-
rameter κ at 10.6 GHz. The colored dots and the in-
terpolated curves visualize the electromagnetic torque at
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(a)

FIG. S6. Detailed information about the dynamics of criti-
cally damped unit cells. (a) Dependence of the critical damp-
ing parameter on the power of the pump, for ϕ0 = 1.35 rad
(blue) and ϕ0 = 0.85 rad (red). The presence of bifuca-
tions is clearly visible because the critical damping parameter
approaches zero. (b)-(c) Several trajectories through phase
space that start with zero angular velocity (horizontal axis)
for P0 = 1 (blue) and P0 = 0.6 (red). The restoring parame-
ter ϕ0 is 1.35 rad in (b) and 0.85 rad in (c). The presence of
bifurcations is visible through a decrease of the phase velocity.

10.6 GHz, whereas the black lines represent the restor-
ing torque κ(ϕ− ϕ0), shown for the wire orientation pa-
rameter ϕ0 = 0.85 rad with κ1 = 3.6 × 10−4m−1 kg and
κ2 = 5.3 × 10−4m−1 kg. Note that the restoring torque
(black lines) vanishes at the equilibrium of the wire ϕ0.

Equilibrium states correspond to intersections between
the black lines and the electromagnetic torque in Fig. S7.
For P0 = 1.0 (blue curve), there is only one equilibrium
state above ϕ0 = 0.85 rad for κ1. From Fig. 2 in the
main paper, we know that this equilibrium state is local-
ized in the upper branch of a hysteresis curve, away from
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bifurcation points. However, for κ2, there are three equi-
librium states above ϕ0 = 0.85 rad. This means that,
for higher values of κ, hysteresis phenomena appear at
higher power, e.g., they occur at P0 = 1. When the
power of the pump decreases to P0 = 0.6 (orange curve),
the situation is reversed and equilibrium states for κ1 lay
in the middle of a hysteresis curve while solutions for κ2

lay on the left side of the hysteresis curve.

In Fig. S7(b), we consider the reconfiguration time of
the metasurface from the equilibrium parameter ϕ0 =
1.35 rad of the wire to a new equilibrium ϕeq = 1.54 rad
at P0 = 1 and for κ1. The red, blue, and orange curves
show the convergence of the orientation angle for an over-
damped, critically damped, and underdamped unit cell,
respectively. The reconfiguration times (1537 s, 153 s,
and 815 s) are optimal for the critically damped case,
for which the trajectory converges in an exponential way
close to the equilibrium state at the fastest rate possible
without overshoot.

To illustrate how the optical spring constant κopt =

κ− P0
∂A(ψ)
∂ψ of an equilibrium state affects the reconfig-

uration time, we compare four trajectories in Fig. S7(c)
for values of P0 ∈ {1, 10} and κ̃ ∈ {κ̃1, 10κ̃1}, and with
initial values of ϕ(0) = 1.35 (black, red, blue trajectories)
or ϕ(0) = 1.2 (orange trajectory). First, we consider the
blue and red trajectories, which correspond to values for
P0 = 10, κ̃ = 10κ1 and P0 = 1, κ̃ = κ̃1, respectively. As
expected, the trajectories converge to the same equilib-
rium state ϕeq = 1.54 rad. However, the red trajectory
is ten times slower than the blue trajectory, as indicated
by the dashed lines corresponding to ∆t = 152 s and
∆t = 1537 s. This is a first observation that indicates
that the optical spring constant directly affects the recon-
figuration time. Second, we consider the black trajectory
with P0 = 1, κ̃ = 10κ̃1. Here, the reconfiguration time
decreases by more than twofold (∆t = 794 s) when κ̃ is
increased with respect to the red trajectory. However,
when the restoring parameter κ changes, the equilibrium
state changes as well, here to ϕeq = 1.43. We show that
the change in reconfiguration time between the black and
the red trajectory is not solely due to a different angu-
lar distance towards the new equilibrium by considering
the orange trajectory. The orange trajectory starts at an
initial condition ϕ(0) which is chosen such that the wire
traverses the same angular distance ∆ϕ as the red and
black trajectories. However, it is associated to different
parameter values P0 = 1 and 10κ1. The orange trajec-
tory has a longer reconfiguration time than the black tra-
jectory, i.e., ∆t = 1007 s, and its reconfiguration time is
also different from those of the red and blue trajectories.
This shows that both κ and P0 influence the reconfigura-
tion time. Both the first and the second observation are
generalized by Eq. (3) of the main paper.
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FIG. S7. Effect of the power P0 and spring constant κ̃ on the
equilibrium states and the reconfiguration time. (a) Equilib-
rium states correspond to the intersection of the electromag-
netic torque (colored points and curves) with the restoring
torque (black lines), shown for wire parameters ϕ0 = 0.85rad
with κ̃1 = 0.000 36 m−1 kg and κ2 = 0.000 53 m−1 kg. (b)
Overdamped (red) and underdamped (orange) angular tra-
jectories converge more slowly than critically damped angu-
lar trajectories (blue). (c) Angular trajectories for P0 = 1, κ̃1

(red curve), P0 = 10, κ̃ = 10κ̃1 (blue curve), and P0 = 1, κ̃ =
10κ̃1 (black curve with initial condition ϕ(0) = 1.35 and pur-
ple curve with initial condition ϕ(0) = 1.24). The reconfig-
uration time is indicated by the dashed lines in appropriate
colors and depends both on the parameters κ and P0.

Bifurcations in terms of frequency

In the main paper, we only account for nonlinearities
and bifurcations in terms of the pump power. To justify
this, Fig. S8 shows the stable and unstable equilibrium
states for various frequencies of the pump with P0 = 1. In



9

4 6 8 10 12

Frequency (GHz)

5 7 9 11 13

φ
0

�/4

�/2

3�/8

�/8

0

Total torque Γ (P
0
=1, κ/M = 0.00036)

Γ > 0

Γ < 0

f
0 
= 10.6 GHz

4 6 8 10 125 7 9 11 13

Frequency (GHz)

�/4

�/8

0

-�/8

-�/4

O
ri

en
ta

ti
o
n
 φ

O
ri

en
ta

ti
o
n
 φ

Γ > 0

Γ > 0

Γ > 0 Γ < 0

Γ < 0

Γ < 0

Electromagnetic torque Γ (P
0
=1)

f
0 
= 10.6 GHz

(a)

(b)

FIG. S8. Bifurcations in the frequency domain for P0 = 1
(a) in absence of the wire, and (b) in the presence of a wire
with equilibrium ϕ0 and spring constant κ

M = 0.00036. Stable
and unstable equilibrium states are indicated by blue and red
dots, respectively, whereas light blue and orange areas delimit
regions with negative and positive torques. The frequency
of the pump in the main paper corresponds to the vertical
dashed line.

Fig. S8(a), we only consider the electromagnetic torque,
assuming no wire is present. We have made use of the
periodicity of the electromagnetic torque with a period of
π/2 to plot the equilibrium states for orientation angles
between −π/4 and π/4. The dashed black line corre-
sponds to the pump frequency (10.6 GHz). Clearly, the
pump avoids bifurcations in the frequency domain, i.e.,
the positions where stable states (blue dots) and unstable
states (red dots) merge. Note that the equilibrium states
of a wire in the presence of damping occur at configura-
tions for which the torque vanishes (ϕ = 0 and ϕ = π

4 ).
In Fig. S8(b), we see that, in the presence of a wire with
spring constant κ

M = 0.00036, there are no bifurcations
within 1 GHz from the resonance frequency. Indeed, the
pump power of the beam is not sufficiently strong to im-
pose equilibrium states similar to those in Fig. S8(a).

Dynamics of scaled cross-wire unit cells

Similar to a string on a guitar, the resonance frequency
of unit cells changes when their dimensions d are scaled
down by a factor X, i.e., d→ d/X. In the following, we
predict how the reconfiguration time ∆t is affected by
scaling cross-wire unit cells to higher resonance frequen-

100
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10-3

10-4

1 10 10050

Scale factor X

Electromagnetic torque Γ
max

(X)/Γ
max

(0)

!/4 !/23!/8 7!/165!/16
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(0)

Γ
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(X) 1

X2

(a)

(b)

Orientation φ (rad)

FIG. S9. Electromagnetic torque on cross-wire unit cells with
scaled dimensions d/X due to the illumination of the unit cell
with 1 W: (a) X = 1 (black), X = 5 (blue), X = 10 (purple),
X = 50 (red), and X = 100 (orange). (b) A fit through the
maxima of the torque for several values of X shows that the
torque scales inversely with 1/X2.

cies f and for arbitrary intensities I of illumination. To
this end, we derive a scaling law with real coefficients α
and β:

∆t =

(
f

f0

)α(
I

I0

)β
∆t0, (S17)

which relies on the known reconfiguration time ∆t0 at a
specific resonance frequency f0 and the intensity of the
pump I0. The scaling law depends on the particular re-
sponse of the unit cell, through the constant ∆t0, but
otherwise fully accounts for changes in the intensity and
the resonance frequency. Note that a degradation of the
electromagnetic material properties of the unit cell may
further increase the reconfiguration time. For example,
at high resonance frequencies, dissipative losses restrict
the transfer of electromagnetic energy from the pump to
the unit cell. Here, we consider the most optimistic sce-
nario in which a scaling of the unit cell will not degrade
the perfectly conductive properties of metals with respect
to the microwave regime. Our finite-element simulations
of scaled cross-wire unit cells with X ∈ {1, 5, 10, 50, 100}
show that the resonance frequency is proportional to X,
i.e., f = f0X and that, when the unit cell is illuminated
by 1.0 W, the torque on a unit cell scales as 〈Γ〉 = 1

X2 〈Γ〉0
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(see Fig. S9). Note that, when the intensity of the pump
is the same, the electromagnetic torque scales as

〈Γ〉 =

(
f0

f

)4

〈Γ0〉. (S18)

Electromagnetic torques due to illumination with differ-
ent intensities I and I0 are related by

〈Γ〉 =

(
f0

f

)4
I

I0
〈Γ〉0. (S19)

To obtain a scaling law for the lower bound in the main
paper [Eq. (4)], we also need the dependence of the mo-
ment of inertia M and the elastic components κ and γ
on X. The moment of inertia depends in the following
way on the spatial dimensions of the unit cell:

M =

∫
cross

ρ r2
⊥dV, (S20)

=
1

X5
M0, (S21)

where the mass density of the copper cross ρ =
8.89 g/cm3 is multiplied by the distance squared r2

⊥ to the
rotation axis. The restoring constant κ is fabricated so
a deviation of ∆ϕ can be achieved: κ∆ϕ = P0 op〈Γmax〉.
Because the angle is dimensionless, the restoring param-
eter κ scales in the same way as 〈Γ〉:

γcrit =

√
f

f0

√
I

I0
γcrit0. (S22)

By using Eq. (4) in the main paper, we see that α =
−1/2 = β for torques.

The scaling law for the reconfiguration time of force-
based unit cells is based on the following relations:

〈F〉 =

(
f0

f

)2
I

I0
〈F0〉, (S23)

M =
1

X3
M0, (S24)

γ̃crit =
f

f0

√
I

I0
γcrit0. (S25)

It follows that α = −1 and β = −1/2.

Overdamped dynamics

In the main paper, we have considered the most op-
timal case of critically damped dynamics for which γ̃ =

2
√

κ
M −

P0

M
∂A(ψeq)
∂ψ . In the microwave regime, represen-

tative values of γ are equal to or smaller than 0.11 (see
Fig. S6). Here, we consider the overdamped case with
γ̃ = 1, larger than its critically damped value.

Figures S10(a)-(c) show that in the case of overdamped
dynamics, trajectories behave in a similar way as de-
scribed in the main paper: They converge fast to an a
particular curve and subsequently approach the equilib-
rium state in a slow way. Importantly, the reconfigu-
ration time in Fig. S10(d)-(f) increases by an order of
magnitude, which is due to the suboptimal value of the
damping term, which is much higher than the value for
critical damping.

Underdamped dynamics

To reach the regime in which the dynamics is under-
damped, we start from an overdamped system with a
high moment of inertia M = 1.7 × 10−7kg m2 and scale
it down by factors of ten. As a result, the value for
the critical damping parameter increases, and eventu-
ally becomes larger than γ̃ = 1, which is the damping
term in these simulations. Figs. S11(a),(b),(d),(e) show
a collection of angular trajectories that start at initial
conditions between 0.8 rad and 2.2 rad. Each graph cor-
responds to a different value for the moment of inertia.
The highest moment of inertia M = 1.17 × 10−7kg m2

[Fig. S11(a)] clearly leads to overdamped dynamics. In
subsequent Figs. S11(b), (d), and (e), the moment of in-
ertia is scaled by 10, 100, and 1000, respectively. When
the moment of inertia is approximately hundred times
smaller, the unit cell is approximately critically damped.
Indeed, in Figs. S11(a),(b),(d), the trajectories evolve
monotonically towards equilibrium. Moreover, the an-
gular trajectories have the same shape. The moment of
inertia changes only the angular velocity of the unit cell
along the trajectory. It follows from Eq. (3) that the
reconfiguration time is proportional to the moment of in-
tertia, i.e., ∆t ≈ 4000 s, 400 s, and 40 s in Figs. S11(a),
(b), and (d), respectively.

The dynamics of the wires becomes underdamped
when the moment of inertia is equal to M = 1.7 ×
10−10kg m2 [Fig. S11(e)]. In this case, points in phase
space spiral towards the equilibrium state, as shown by
the red trajectory in Fig. S11(c). It is expected that
Eq. (3) of the main paper will no longer be able to pre-
dict the reconfiguration time for underdamped trajecto-
ries. This suspicion is confirmed by Fig. S11(f). Indeed,
Fig. S11(f) compares numerically determined reconfigu-
ration times (black dots) to estimations based on Eq. (3)
of the main paper, which are shown by the red-to-black
curves corresponding to decreasing moments of inertia.
The upper three curves agree perfectly with numerical
estimates and correspond to the overdamped and criti-
cally damped trajectories. For these trajectories, the re-
configuration time globally decreases tenfold per curve,
as expected. This trend is no longer valid for the lowest
curve and for the lowest set of black dots. The mis-
match between the numerical estimates and Eq. (3) oc-
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FIG. S10. Transient dynamics of an overdamped cross-wire metasurface. (a)-(b) Trajectories through phase space, respectively
for ϕ0 = 0.85 rad and ϕ0 = 1.35 rad, with P0 = 0.6 and P0 = 1. Each trajectory starts on the horizontal axis and evolves
fast to a fixed curve, along which slow dynamics dominates the reconfiguration time. (c) Visualization of the slow curve in
alternative coordinates (ϕ, ṽ), which lead to a diagonal line. (d)-(e) Numeric (circles) and analytic (solid curves) predictions
of the configuration time for ϕ0 = 1.35 rad and ϕ0 = 0.85 rad with P0 = 0.6 (red) and P0 = 1, 1.5 (blue). (f) Lower bound for
transitions between optical activities ∆δ ∈ {1◦, · · · , 9◦} within one branch of the hysteresis curves.

curs because the dynamics of the trajectory is under-
damped [Fig. S11(e)], so the normalization parameter µ
in Eq. (2) is not sufficiently small. The numerical re-
configuration time does not go below a few seconds, as
they are now limited by damping. If the dynamics were
critically damped, it would be possible to converge much
faster.

In Fig. S11(e), we want to point out that overdamped
dynamics still occurs in specific sections of the trajec-
tory in phase space [red curve in Fig. S11(c)]. For these
sections, Eq. (3) remains valid. Indeed, close to the bifur-
cation at ϕ = 1.0, the total torque on the wire is so small
that the motion is overdamped. This is confirmed by
Fig. S11(c), which compares the blue curve, correspond-
ing to overdamped motion with M = 1.17× 10−7kg m2,
to the red curve, corresponding to underdamped motion
with M = 1.17 × 10−10kg m2. The comparison is made
by scaling the velocity v of the blue curve thousandfold
to account for the difference in moments of inertia.

ERROR-SAMPLED RUNGE-KUTTA METHOD

In this section, we explain how to solve Eq. (1) of the
main paper in a numerical way by making use of an error-
sampled Runge-Kutta code, included below. As shown in

Fig. S12(a), we have tested our code for the simple case of
a nonlinear spring, whose dynamics in phase space (ϕ, v)
is given by {

dϕ
dτ = v
dv
dτ = − sin(ϕ).

(S26)

Here, the phase space is periodic, so ϕ is restricted to
the interval [0, 2π[. The trajectories through phase space
are accurately reproduced both by an error-sampled
[Fig. S12(a)] and a uniformly sampled [Fig. S12(b)] fifth-
order Runge-Kutta code, for several initial conditions
ϕ(0)k = kπ/5 with k ∈ {0, ..., 5}. However, the step
size of the uniformly sampled Runge-Kutta code must
be very small (below 0.5) to resolve the metastable so-
lution at ϕ = π. As a result, the points of the sampled
trajectory are too close to be distinguished. In contrast,
the error-sampled code adapts the step size and requires
less computational steps while checking for numerical er-
rors. This is why error sampling is crucial when solving
for the dynamics of the metasurface.

In Fig. S12(a), we compare the numerical solution
of the motion of the rightmost cross wire through
phase space (black dots) with a semi-analytical method
based on the Krylov-Bogoliubov method (colored lines).
The semi-analytical solutions of the Krylov-Bogoliubov
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FIG. S11. Dependence of the angular trajectory on the moment of inertia, going from overdamped (a), (b), (d) to underdamped
(e) with (a)M = 1.17×10−7kg m2, (b)M = 1.17×10−8kg m2, (d)M = 1.17×10−9kg m2, and (e)M = 1.17×10−10kg m2. (c)
Phase diagram of an underdamped trajectory withM = 1.17 10−10kgm2 (red) and an overdamped trajectory with I = 1000×I0
(blue). In order to compare phase diagrams, the velocity of the blue curve has been multiplied by 1000. The trajectories agree
very well close to the bifurcation at ϕ = 1.0. (f) Comparison of numerically determined reconfiguration times (black dots)
with predictions made by Eq. (4) based on underdamped motion, presented in a logarithmic scale. The reconfiguration time
saturates for underdamped motion (lowest curve and data points).

method [26] are valid when the torque Γ is a small per-
turbation and resembles a third-order polynomial func-
tion close to the equilibrium orientation ϕeq = 1.53 rad
[Fig. S12(b)]. Both solutions agree very well and pro-
vide an additional check on our numerical computation
of phase trajectories.

In the following, we discuss how we obtained the semi-
analytical solution and how we implemented the fifth-
order error-sampled Runge-Kutta method in Mathemat-
ica, based on the C code from Ref. [40] on pp. 719-722.

Approximate analytical solution

We solve for the equation of motion of the rightmost
cross wire

d2ϕ

dτ2
+
dϕ

dτ
− Γ1(ϕ− ϕeq) =[

Γ0 +
1

2
Γ2(ϕ− ϕeq)2 +

1

3!
Γ3(ϕ− ϕeq)3

]
, (S27)

with expansion parameters Γi for i ∈ {0, ..., 3} that are
extracted by a fit to data points of the total torque

[Fig. S13(b)]

Γ̃tot = Γ̃(ϕ)− κ̃(ϕ− ϕ0),

=

3∑
i=0

Γi
i!

(ϕ− ϕeq)
i
. (S28)

The linear contribution Γ1 is related in a simple way to
the optical spring constant of the wire: κ̃opt = −Γ1,
which leads to a stable (unstable) equilibrium if it is
positive (negative) [21]. In order to obtain an approx-
imate solution to Eq. (S27), we introduce a perturbation
parameter µ—the maximum of Γ0,Γ2/2, and Γ3/6—and
normalize the expansion parameters as indicated by the
tilde on Γ̃i:

d2ϕ

dτ2
+
dϕ

dτ
+ κ̃opt(ϕ− ϕeq) =

µ

[
Γ̃0 +

1

2
Γ̃2(ϕ− ϕeq)2 +

1

3!
Γ̃3(ϕ− ϕeq)3

]
. (S29)

The parameter µ = 0.011 at P0 = 1 is sufficiently small,
so the linear homogeneous solution of Eq. (S29) is a valid
starting point for applying a variation of parameters.
However, note that for higher pump powers, µ might in-
crease beyond 0.1 and the following semi-analytical anal-
ysis would break down. Specifically, the fit of a third-
order polynomial function to the torque in Fig. S13(b)
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f Odd ansatz Even ansatz

f0 Γ̃0 − a2

4
Γ̃2 + a4

4
1
16

Γ̃4 − a6

64
1
36

Γ̃6 Γ̃0 + a2

4
Γ̃2 + a4

4
1
16

Γ̃4 + a6

64
1
36

Γ̃6

f1
a3

8

(
Γ̃3 − Γ̃5a2

24

)
a3

8

(
Γ̃3 + Γ̃5a2

24

)
f±2

a2

8

(
Γ̃2 − Γ̃4a2

12
+ Γ̃6

6.64
a4
)

a2

8

(
Γ̃2 + Γ̃4a2

12
+ Γ̃6

6.64
a4
)

f±3 ±a3

48

(
Γ̃3 − Γ̃5a2

16

)
a3

48

(
Γ̃3 + Γ̃5a2

16

)
f±4

a4

64.6

(
Γ̃4 − Γ̃6

20
a2
)

a4

64.6

(
Γ̃4 + Γ̃6

20
a2
)

f±5 ± Γ̃5a5

32.120
Γ̃5a5

32.120

f±6
Γ̃6a6

64.720
Γ̃6a6

64.720

TABLE S1. Contribution of a sixth-order polynomial approximation of the torque to the equations for the coefficients of the
perturbed solution associated to a power erψ with r ∈ {0, ...,±6}

results in the following normalized expansion parameters:

κ̃opt = 0.0016, Γ̃0 = −0.0011, Γ̃2

2 = 0.127, and Γ̃3

6 = 1.
The analytical solution is based on the odd homoge-

neous solution of Eq. (S29)

ϕ(τ) = ϕeq +
a(τ)

2

(
eψ(τ) − e−ψ(τ)

)
+ µu(a, ψ),(S30)

with the following rate equations for the amplitude and
phase

ȧ = −1

2
a+ µA1(a), (S31)

ψ̇ =
1

2

√
1− 4κ̃opt + µB1(a), (S32)

and a perturbative function u which accounts for the non-
linearity. The amplitude mainly decays due to friction,
while the phase “oscillates” in terms of the effective opti-
cal spring constant. Note that the choice for odd or even
solutions depends on the initial conditions. In our case,
the odd solution generates solutions for a, ψ and u that
do not overshoot the equilibrium state.

First-order corrections to the homogeneous solution
are associated with the functions A1(a), B1(a) and the
perturbation u(a, ψ) = C0 +C2e

2ψ +D2e
−2ψ +C3e

3ψ +
D3e

−3ψ. The coefficients A1, B1, and Ci, Di are obtained
by inserting ϕ(τ) in Eq. (S27) and collecting equal powers
of eψ:

A1 =
a2

2
√

1− 4κ̃opt

∂B1

∂a
, (S33)

a3 ∂
2B1

∂a2
+ a2 ∂B1

∂a
− 4(1− 4κ̃opt)aB1 = 4

√
1− 4κ̃optf1, (S34)

a2 ∂
2Cr
∂2a

− a
[
2r
√

1− 4κ̃opt + 1
] ∂Cr
∂a

+
[
r2 (1− 4κ̃opt) + 2r

√
1− 4κ̃opt + 4κ̃opt

]
Cr = 4fr, (S35)

a2 ∂
2Dr

∂2a
+ a

[
2r
√

1− 4κ̃opt − 1
] ∂Dr

∂a
+
[
r2 (1− 4κ̃opt)− 2r

√
1− 4κ̃opt + 4κ̃opt

]
Dr = 4f−r (S36)

The contribution fr of the torque to a particular power
eψ is listed in Table S1, for polynomial approxima-
tions up to 6th order. However, the determination
of appropriate initial conditions is very unstable for
polynomials with r > 3, so higher-order solutions are

not recommended. The coefficients A1, B1, Ci, and Di

depend in the following way on the amplitude a, the
parameters Γ̃i and κ̃opt:
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Error-sampled phase diagram (φ, dφ/dτ)(a)
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FIG. S12. Verification of the Runge-Kutta code for trajec-
tories through phase space of a nonlinear spring with ini-
tial conditions ϕ(0) = 0 (black), π/5 (brown), 2π/5 (red),
3π/5 (orange), 4π/5 (blue), and π (purple): (a) error-sampled
Runge-Kutta code and (b) uniform Runge-Kutta code.

A1(a) =
a3

32

Γ̃3

κ̃opt
,

B1(a) =
a2
√

1− 4κ̃opt

32

Γ̃3

κ̃opt
,

C0(a) =
Γ̃0

κ̃opt
− Γ̃2

4κ̃opt
a2,

C2(a) =
a2

2

Γ̃2

(2
√

1− 4κ̃opt − 1)2 + 4κ̃opt − 1
,

D2(a) =
a2

2

Γ̃2

(2
√

1− 4κ̃opt + 1)2 + 4κ̃opt − 1
,

C3(a) =
a3

12

Γ̃3

(3
√

1− 4κ̃opt − 2)2 + 4κ̃opt − 1
,

D3(a) = −a
3

12

Γ̃3

(3
√

1− 4κ̃opt + 2)2 + 4κ̃opt − 1
.

These coefficients entirely determine the solution u. Note
that the solution will only deviate considerably from its
initial value if the electromagnetic and restoring torque
have a similar magnitude. The third-order nonlinearity
Γ3 is seen to most profoundly impact the solution.

0 1000 2000 3000
Time (s)

Orientation (rad)

1.5

1.4

1.6

1.7

1.8

(a)

Exact

Fit

Orientation (rad)
0 1.50.5 1.0 2.0 2.5

0.0003

-0.0003
-0.0002
-0.0001

0.0001
0.0002

0

Nett torque on right cross wire (J)(b)

FIG. S13. Verification of the Runge-Kutta code for the dy-
namics of the rightmost cross wire of an optically active
metasurface. (a) Numerical (dots) and semi-analytical (lines)
calculations provide highly similar angular trajectories. (b)
Polynomial fit (red) to the total torque (black) used to ob-
tain semi-analytical solutions with the Bogoliubov-Krylov
method [37].

It remains to determine the amplitude a(t) and expo-

nent ψ(t) by solving Eqs. (S31)-(S32) with A = Γ̃3

32κ̃opt

and initial conditions a(0) = a0 and ψ(0) = ψ0:

a(t) =
a0e
−γ̃t/2√

|1− 2µAa2
0 + 2µAa2

0e
−γ̃t|

, (S37)

ψ(t) = ψ0 +
1

2

√
1− 4κ̃opt(

γ̃t− ln
(∣∣1− 2µAa2

0 + 2µAa2
0e
−γ̃t∣∣)) .

The result [Eq. (S30)] is plotted in Fig. S13(a).

Implementation

The Runge-Kutta method solves for the dynamics of
the rightmost cross wire through a two-dimensional phase
space y = (ϕ, v)T as it moves along the direction of the
derivative with respect to a dimensionless evolution pa-
rameter τ

dy

dτ
=

(
v

−v − κ̃(ϕ− ϕ0) + P0 Γ̃(ϕ; f0)

)
, (S38)

containing the spring constant κ̃ of the wire with equi-
librium ϕ0 and an electromagnetic torque Γ̃ due to a
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pump beam with power P0 and frequency f0. Our fifth-
order error-sampled Runge-Kutta method is based on the
implementation in Ref. [38] on pp. 719-722. The code
consists of three main parts: 1◦) a fifth-order Runge-
Kutta step to find the next point in phase space at a
time τn+1 = τn +h along the trajectory with step size h,
2◦) a routine that decreases or increases the step size de-
pending on an error estimate ∆, and 3◦) a loop running
from τ = 0 to a user-defined τend. In the following, we
will discuss each of these routines separately.

A single Runge-Kutta step determines the next point
in phase space yn+1 by making use of the previous point
in phase space yn and the derivative dy/dτ . In partic-
ular, our fifth-order Runge-Kutta method calculates six
derivatives “aki”, associated to four auxiliary intermedi-
ate points, so the next point in phase space yn+1 at a
time τn + h is found up to an error of O(h5):

yn+1 = yn + h

6∑
i=1

ci aki, (S39)

with six coefficients ci from Ref. [38]. Importantly, our
method further relies on the fact that there exist alterna-
tive coefficients c′i for which the solution is fourth-order.
The difference between these two solutions, provides us
with an estimation of the numerical error ∆ for taking a
step with stepsize h

∆ =

6∑
i=0

(ci − c′i) aki. (S40)

The code below returns the next phase point “yout”
[Eq. (S39)] and the error “yerr” [Eq. (S40)]. The func-
tion “func[]” represents the linear differential equations
in Eq. (S38).

RK[ y , dydt , n , t , h , f , P , \ [ Phi ] 0 , \ [ Kappa ] ] :=

Module [{ ytemp = Range [ 1 , n , 1 ] , yout = Range [ 1 , n , 1 ] ,
ye r r = Range [ 1 , n , 1 ] , a co e f f , bmatrix , c c o e f f , d c coe f f ,
ak1 = Range [ 1 , n , 1 ] , ak2 = Range [ 1 , n , 1 ] , ak3 = Range [ 1 , n , 1 ] ,
ak4 = Range [ 1 , n , 1 ] , ak5 = Range [ 1 , n , 1 ] , ak6 = Range [ 1 , n , 1 ] ,
f 0 = f , P0 = P, \ [ Kappa ] 0 = \ [ Kappa ]} ,

(∗ i n i t i a t e we ight ing c o e f f i c i e n t s )
a c o e f f = {0 , 2/10 , 3/10 , 6/10 , 1 , 875/1000} ;
bmatrix = {{0 , 0 , 0 , 0 , 0 , 0} , {2/10 , 0 , 0 , 0 , 0 , 0} , {3/40 , 9/40 , 0 , 0 , 0 , 0} ,
{3/10 , −9/10 , 12/10 , 0 , 0 , 0} , {−11/54 , 5/2 , −70/27 , 35/27 , 0 , 0} ,
{1631/55296 , 175/512 , 575/13824 , 44275/110592 , 253/4096}} ;

c c o e f f = {37/378 , 0 , 250/621 , 125/594 , 0 , 512/1771} ;
d c c o e f f = { c c o e f f [ [ 1 ] ] − 2825/27648 , 0 , c c o e f f [ [ 3 ] ] − 18575/48384 ,

c c o e f f [ [ 4 ] ] − 13525/55296 , −277/14336 , c c o e f f [ [ 6 ] ] − 1/4} ;

(∗ c a l c u l a t e in t e rmed ia t e d e r i v a t i v e s ∗)
ytemp = y + h∗bmatrix [ [ 2 , 1 ] ] ∗ dydt ;
ak2 = func [ t + a c o e f f [ [ 2 ] ] ∗ h , ytemp , f0 , P0 , \ [ Phi ] 0 , \ [ Kappa ] 0 ] ;

ytemp = y + h∗( bmatrix [ [ 3 , 1 ] ] ∗ dydt + bmatrix [ [ 3 , 2 ] ] ∗ ak2 ) ;
ak3 = func [ t + a c o e f f [ [ 3 ] ] ∗ h , ytemp , f0 , P0 , \ [ Phi ] 0 , \ [ Kappa ] 0 ] ;

ytemp =
y + h∗( bmatrix [ [ 4 , 1 ] ] ∗ dydt + bmatrix [ [ 4 , 2 ] ] ∗ ak2 +

bmatrix [ [ 4 , 3 ] ] ∗ ak3 ) ;
ak4 = func [ t + a c o e f f [ [ 4 ] ] ∗ h , ytemp , f0 , P0 , \ [ Phi ] 0 , \ [ Kappa ] 0 ] ;

ytemp =
y + h∗( bmatrix [ [ 5 , 1 ] ] ∗ dydt + bmatrix [ [ 5 , 2 ] ] ∗ ak2 +

bmatrix [ [ 5 , 3 ] ] ∗ ak3 + bmatrix [ [ 5 , 4 ] ] ∗ ak4 ) ;
ak5 = func [ t + a c o e f f [ [ 5 ] ] ∗ h , ytemp , f0 , P0 , \ [ Phi ] 0 , \ [ Kappa ] 0 ] ;
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ytemp =
y + h∗( bmatrix [ [ 6 , 1 ] ] ∗ dydt + bmatrix [ [ 6 , 2 ] ] ∗ ak2 + bmatrix [ [ 6 , 3 ] ] ∗ ak3
+ bmatrix [ [ 6 , 4 ] ] ∗ ak4 + bmatrix [ [ 6 , 5 ] ] ∗ ak5 ) ;

ak6 = func [ t + a c o e f f [ [ 6 ] ] ∗ h , ytemp , f0 , P0 , \ [ Phi ] 0 , \ [ Kappa ] 0 ] ;

(∗Determine the f i n a l s o l u t i o n and the e r r o r y2 − y1 ∗)
yout = y +

h∗( c c o e f f [ [ 1 ] ] ∗ dydt + c c o e f f [ [ 3 ] ] ∗ ak3 + c c o e f f [ [ 4 ] ] ∗ ak4 + c c o e f f [ [ 6 ] ] ∗ ak6 ) ;
ye r r = h∗( d c c o e f f [ [ 1 ] ] ∗ dydt + d c c o e f f [ [ 3 ] ] ∗ ak3 + d c c o e f f [ [ 4 ] ] ∗ ak4 + d c c o e f f [ [ 5 ] ] ∗ ak5
+ d c c o e f f [ [ 6 ] ] ∗ ak6 ) ;

(∗Output ∗)
{yout , ye r r }
]

The Runge-Kutta step is embedded in a routine that
adapts the step size if the error ∆ of a Runge-Kutta step
exceeds a critical value ∆0. If the error is too large, a
new calculation of yn+1 is initiated with a reduced step
size. If the error is sufficiently small, the calculation of
yn+1 is accepted and the algorithm increases the step size
for the next computation to improve the computational
speed.

The step size h0 associated with a desired accuracy ∆0

can be imposed in several ways. We make use of a hybrid
approach, as proposed by Ref. [38]. In most situations,
the error is required to be smaller than a fixed fraction

ε = 10−3 of a chosen scale yscale =

(
2π/10
10−3

)
∆0 = εyscal. (S41)

The different errors for angular coordinates ϕ (2π/10)
and angular velocities v (10−3) reflect that, foremost, we
want to accurately determine the equilibria for which v
vanishes. However, when the accumulation of errors is
significant, i.e., when the step size is very small, sampling
should occur at another scaling law

∆0 = εhdy/dτ, (S42)

representing the accumulation of the error during the
computational step. Therefore, the fifth-order error ∆ ∼
O(h5) with step size h is related to the desired accuracy

∆0 by ∆/∆0 = (h/h0)5 for a constant error [Eq. (S41)]
and ∆/∆0 = (h/h0)4 for a minimal accumulation of er-
rors. As a result, changes in step size from h to h0 should
scale exponentially with exponent 0.2 when the step size
is increased—avoiding large relative errors—, whereas it
should scale exponentially with exponent 0.25 when the
step size is decreased—avoiding large accumulation er-
rors:

h0 =

{
S h

(
∆0

∆

)0.2
∆0 > ∆,

S h
(

∆0

∆

)0.25
∆ > ∆0

. (S43)

A safety factor S = 0.9 makes sure errors remain strictly
below ∆0.

The implementation is done in two steps. First, a
while loop determines the maximal error for a partic-
ular step size and keeps scaling it until the error is suf-
ficiently small. The resulting time “ttemp” (τn+1) and
phase space point “ytemp” (yn+1) are returned. Second,
the step size for the next step is determined by scaling
it up. The variables “Pgrow” and “Pshrink” represent
the exponents 0.2 and 0.25, respectively. Additional con-
straints make sure that the step size h is never decreased
by more than a factor of 10 and never increased by more
than a factor of 5. Also, the step size is not allowed to go
below a minimal value hmin = 10−5 so the error is never
unrealistically small and larger than “Errconst”. Typical
values of h are larger than 1.

SampledRK [ y , dydt , n , t , htry , hmin , eps , y s ca l , f , P , \ [ Phi ] 0 , \ [ Kappa ] ] :=
Module [{ yer r = Range [ 1 , n , 1 ] , ytemp = Range [ 1 , n , 1 ] , h = htry ,

htemp , errmax = 0 . 0 , temp , hdid , hnext , ttemp , f 0 = f ,
P0 = P, \ [Gamma] 0 = \ [Gamma] , \ [ Kappa ] 0 = \ [ Kappa ]} ,

(∗Determination o f s tep s i z e f o r y {n+1}∗)
While [ True ,

temp = RK[ y , dydt , n , t , h , f0 , P0 , \ [ Phi ] 0 , \ [ Kappa ] 0 ] ;
ytemp = temp [ [ 1 ] ] ; y e r r = temp [ [ 2 ] ] ;
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errmax =
Max[ Abs [ ye r r [ [ 1 ] ] / y s c a l [ [ 1 ] ] ] , Abs [ ye r r [ [ 2 ] ] / y s c a l [ [ 2 ] ] ] ] / eps ;

I f [ errmax <= 1 , Break [ ] ] ;
htemp = Safe ty ∗h∗errmaxˆPShrink ;
I f [ h >= 0 , h = Max[ htemp , h /10 ] , h = Min [ htemp , h / 1 0 ] ] ;
ttemp = t + h ; ] ;

(∗Determination o f s tep s i z e f o r next computation ∗)
I f [ errmax > Errconst , hnext = Max[ Sa fe ty ∗h∗errmaxˆPGrow , hmin ] , hnext = Max[5∗h , hmin ] ] ;
ttemp = t + h ;
hdid = h ;
{ttemp , ytemp , hnext , hdid}
]

A driver routine provides the initial condition “init”
and starts a series of Runge-Kutta steps until the fi-
nal time “tstop” has been reached or until the number
of calculations exceeds “Maxstp”. Furthermore, the pa-

rameter “Nsave” determines how many points of the tra-
jectory are actually saved. In our implementation, all
points whose time difference is larger than “save”= 0.1
are saved.

RKtime [ i n i t , n , t s t a r t , t s top , eps , h1 , hmin , f r e q , P , \ [ Phi ] 0 , \ [ Kappa ] ] :=
Module [{ y s c a l = {2∗Pi /10 , 2∗Pi ∗\ [Omega]0/100} , y = Range [ 1 , n , 1 ] ,

dydt = Range [ 1 , n , 1 ] , t = t s t a r t , h = Min [ h1 , t s top − t s t a r t ] ,
Ncount = 0 , hnext = 0 , hdid = 0 , tsave , temp , yout = {0 , 0} ,
f 0 = freq , P0 = P, \ [ Kappa ] 0 = \ [ Kappa ] , i } ,

y = i n i t ;
I f [ Nsave > 0 , t save = t − save ∗ 2 ] ; (∗Makes sure f i r s t po int i s saved ∗)

For [ i = 1 , i < Maxstp + 1 , i ++,
dydt = func [ t , y , f0 , P0 , \ [ Phi ] 0 , \ [ Kappa ] 0 ] ;

I f [ ( Nsave > 0) && ( ( Ncount < ( Nsave − 1) ) && (Abs [ t − t save ] > Abs [ save ] ) ) ,
AppendTo [ tt , t ] ; t save = t ; AppendTo [ ymat , y ] ; Ncount = Ncount + 1 ; ] ;

I f [ ( t + h − t s top )∗ ( t + h − t s t a r t ) > 0 . 0 , h = ts top − t ] ;
temp =

SampledRK [ y , dydt , n , t , h , hmin , eps , ysca l , f0 , P0 , \ [ Phi ] 0 , \ [ Kappa ] 0 ] ;
t = temp [ [ 1 ] ] ;
y = temp [ [ 2 ] ] ;
yout = y ;
hnext = temp [ [ 3 ] ] ;
hdid = temp [ [ 4 ] ] ;

I f [ hdid == h , nok = nok + 1 , nbad = nbad + 1 ] ;
I f [ ( t − t s top )∗ ( t − t s t a r t ) >= 0 ,

I f [ ( Nsave > 0) , AppendTo [ tt , t ] ; AppendTo [ ymat , yout ] ] ;
Break [ ] ] ;

h = hnext ;
] ;

(∗ output the l a s t va lue o f the time and ( phi , v )∗ )
{ t , yout}
]
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